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Abstract 

The structure and properties of possible g-Minkowski spaces are re- 
viewed and the corresponding non-commutative differential calculi are 
developed in detail and compared with already existing proposals. This 
is done by stressing the covariance properties of these algebras with re- 
spect to the corresponding g-deformed Lorentz groups as described by 
appropriate reflection equations. This allow us to give an unified treat- 
ment for different g-Minkowski algebras. Some isomorphisms among 
the space-time and derivative algebras are demonstrated, and their rep- 
resentations are described briefly. Finally, some physical consequences 
and open problems are discussed. 



-'^On leave of absence from the St. Petersburg's Branch of the Steklov Mathematical In- 
stitute of the Russian Academy of Sciences. 



1 Introduction 



The question of the quantization of space has been discussed by physicists 
from the very early days of quantum theory. Due to the recent emergence of a 
far-reaching generahzation of Lie groups and Lie algebras 0, ^ known un- 
der the name of quantum groups, it is tempting to introduce suitable quantum 
Lorentz Lq and Poincare Pq groups to arrive to the quantum Minkowski space- 
time M.q by extending the classical construction Jvl ~ P/L to the quantum 
case. This program, however, is not completely straightforward. A rigorous 
(unique) definition of quantum groups was given |1|, 0, ^ only for the simple 
Lie groups and algebras; for inhomogeneous groups many problems appear. 
Thinking of the well known classical homomorphism SL{2,C)/Z2 ~ L it was 
proposed to define a quantum Lorentz group by using the simplest quan- 
tum group, SLq{2), which is a g-deformed analog of the classical (g = 1) 
commutative algebra of functions on the Lie group SL{2,C). A quantum 
Minkowski space Aiq was then introduced by means of a quadratic combi- 
nation of g-spinors transforming homogeneously under the quantum group 
SLq{2) P, 0, H, I, |lOl (the precise definitions of Lq and M.q will be given 
below). 

Let us start by writing down some simple algebraic relations to introduce 
some quantum group aspects relevant for our discussion. The essential feature 
in the field of quantum groups (we shall omit for a while their dual objects or 
quantum algebras, which may look more familiar for physicists) is in some sense 
similar to the relation between classical and quantum mechanics, where the 
commutative algebra of functions on phase space (the algebra of observables) 
becomes non-commutative after quantization. This justifies the expression 
'quantum' groups, although in physics the adjective quantum is reserved for 
situations in which Planck's constant h and, in contrast, group 'quantiza- 
tion' (or deformation, q ^ 1) does not imply h 0. In the case of Lie groups, 
the commutative algebra of functions on the group manifold is replaced by a 
non-commutative algebra after quantization (or g-deformation); in particular, 
the matrix elements generating the group algebra become non-commutative. 

Let us recall the case of SLq{2) which will be extensively used below. The 
quantum group GLq{2) is defined as the associative algebra (quantum groups 
are not really group manifolds) generated by four elements a,b,c,d satisfying 
the homogeneous quadratic relations (A = g — g~^, g 7^ 0) 



The relations ( p..l|) , however, include four generators, while the 'classical' 
SL{2,C) depends on three complex parameters. To obtain SLq{2) one no- 
tices that the element 



ab = qba , bd = qdb , be = cb , 
ac = qca , cd = qdc , [a, d] = Xbc . 




ad — qbc = da — q 





is a central (commuting) element of the algebra which defines the g-determinant 



of the matrix T; then, the addition of the constraint detgT = 1 to eqs. (|0 
consistently reduces the number of generators to three. If the entries of T 
satisfy (|1.1|), those of T" satisfy analogous relations with q replaced by q"' 
(this product should not be confused with the comultiplication, which pre- 
serves ( |1.1| ) []TT], 0). In the 'classical' limit q=l, ( |1.1D just expresses that the 
algebra generated by the elements of SL{2, C) is commutative, and ( p. .21) is 
the usual determinant. 

It is not apparent at first sight why eqs. (|1.1|) plus detqT=l define SLg{2), 
nor how to generalize them to the SLq{n) case. This becomes clearer using 
the i?-matrix formalism H developed in the framework of the quantum inverse 



scattering method ||T3[. Indeed, eqs. (|1 . 1| ) may be rewritten as 'RTT' relations. 



R12T1T2 = T2T1R12 (1.3) 

where Ti = T C?) /, T2 = / (8> T (see Appendix A for notation) and the 4x4 
c- number matrix R12 is given in ( [A.7| ). In this way, they may be generalized 
to SLq{n) by means of the appropriate x i?- matrix 0. One could insert 
any matrix into ( |1.3|) as R. However, the natural ones (as (|A.7|) ) satisfy the 
Yang-Baxter equation (YBE) 

R12R13R23 = R23R13R12 (1-4) 

which ensures the consistency of ( p..3[ ) (see the end of Appendix Al). This 
means that no further relations for the generators higher than the quadratic 
relations ( |1.1D may be derived from ( |1.3| ) and the requirement of associativ- 
ity for the algebra. The latter is postulated from the very beginning and is 
independent of (|1.4]). 

Since quantum groups are very close to the algebra of functions on a Lie 
group, we may expect them to have other characteristics pertaining to the 
group multiplication rule, inverse (antipode) and unit elements, etc. In fact, 
they may be characterized as Hopf algebras |]l|, ||, ^ (see 0, for a 



review). Here we shall just underline some properties which will be relevant 
for the g-Minkowski spaces below. It is possible to introduce a quantum or 
g-plane Cq as an associative algebra generated by two elements x, y with the 
commutation property 

xy = qyx (1.5) 

(notice that a g-plane is not a manifold). If we now define a two-component q- 
vector X = (x, y), the commutation properties of the components of X' = TX 
satisfy again ( p..5|) since it is assumed that the entries of T and of X commute 
among each other. This compatibility, not evident a priori, permits to look 
at quantum groups in general as symmetries of quantum spaces [l^, |19[ (see 
also |T2|). In the general case of SLq{n), the analogue relations for an n- 
component X may be extracted from the i?-matrix relation i?i2XiX2 = qX2Xi 
(for instance, for Cq, X1X2 = {xx,xy,yx,yy) and X2X1 = {xx,yx,xy,yy)). 



The important property of this equation is that it is preserved under the 



coaction X' = TX due to (|0|): Ri2X[X'^ = R12T1T2X1X2 = T2T1R12X1X2 = 
gTsTiXaXi = qX!,X[. 

Following the lead provided by the invariance of the above commutation 
properties defining the quantum plane, we may now extend this to a more 
elaborated situation in which the generators of a quantum space are put in 
matrix form K and the action is given hy (p : K K' = TKT~^, where the 
elements of T commute with the entries of K, [Kij,Tmn] = {i, j,m,n=l,2). 
A possibility to organize the commutation properties which define the algebra 



generated by the elements Kij is to write them pO|, ^ in the form of a 
reflection equation[| (RE) 

R12K1R21K2 = K2R12K1R21 . (1.6) 
This equation was introduced independently in pO] in the context of braided 



algebras with all i?-matrices on one side, and in the form above in ^7j. It was 
also discussed in a general algebraic context in pB|. 



Due to eq. ( |1.3| ) (and its consequence R21T2T1 = T1T2R21) it is not diffi- 
cult to see that K' = TKT~^ satisfies the same equation (L6). In fact, this 



formalism is a convenient framework to discuss the invariance of commutation 
relations under a certain action 0. However, it should be mentioned at this 
stage that the non-commutative character of the algebra generated by Kij puts 
forward some questions as to its physical interpretation. If we consider the el- 
ements of K as non-commutative generators of the algebra, one has to find 
their irreducible representations TiK'-, there could be more than one. Also, the 
non-commutative transformation coefficients (the generators of the quantum 
group algebra) have their own irreducible representation 1-Lt- Hence, after the 
quantum group transformation, the new entries of K' = TKT~^ act, generally 
speaking, as operators on a larger space Tix ® 'Hk'- the quantum group coacts 
rather than acts. This is a rather unusual situation for the symmetries of phys- 
ical systems, where the action of a symmetry on the space-time coordinates, 
say, does not entail an enlargement of the corresponding algebra or of the 
space of physical states (for an alternative approach see |^ H). We will not 



develop this important and interesting question here, which we shall bypass 
by stressing the isomorphism among the algebras generated by Kij and K'-y, 
instead, we shall restrict ourselves to the technical problems of constructing 
quantum Minkowski space-time algebras generated by elements transforming 
covariantly under the corresponding quantum Lorentz transformations. 

Many of the various g-Minkowski formulae presented in this paper were 
found previously (see, in particular, |^, ^, |^, ||, ^ |T0|, 0, |32|, |33|), but here 
they will be obtained in a more systematic way due to the fiexibility of the 



"'^The name is due to the fact that an equation with such a form appeared originally in 
the factorizable scattering theory on the half line with a reflection from a boundary (see 
Originally the reflection equation was written in a 'spectral parameter'-dependent 
form |23, M (see also Pq]); here we shall consider only constant solutions. 



i?-matrix and the reflection equation formalism. In particular, our approach is 
particularly suited to establish possible algebra isomorphisms (Appendix B2) 
and to incorporate other g-Minkowski space proposals in an unified manner, 
as well as for discussing the non-commutative differential calculus on other 
quantum spaces as, for instance, with S0q{3) symmetry (see in this respect 

mm)- 



The plan of the paper is as follows. First, the procedure for defining a quan- 
tum Minkowski space-time algebra Aiq is given in Sec. 2. Its first part,where 
the formalism is explained and some special elements of the algebra [e.g., 
the g-Minkowski length) are introduced, is devoted to the M'^^^ [|, |, |, |10| 
case. Other possibihties A4^g^ are discussed later in Sec. 2. In Sec. 3, arguments 
of covariance and consistency establish the commutation relations among q- 
'coordinates' (generators of Aiq), g-derivatives (id. of Pg) and g-one-forms (id. 
of Aq). It is also shown there that in the non-commutative case the existence 
of a simultaneous linear hermitean structure (reality conditions) for coordi- 
nates and derivatives is not guaranteed for all g-Minkowski spaces, recovering 
previous results 0. In Sec. 4, a convenient set of generators for J^^^ is 
picked up by taking into account their g-tensor properties with respect to the g- 
Lorentz transformations. Sec. 5 is devoted to developing the non-commutative 
differential calculus for A^^^^ 0; the other cases may be treated similarly. A 
number of elaborated questions concerning the mutual interrelations between 
quantum Poincare group Pq and algebra Vq, the representation theory and the 
physical interpretation are briefly considered in Sec. 6, where in particular the 
mass and momenta spectrum will be calculated. From the discussion it looks 
that it may not be easy to reconcile the notion of a quantum Minkowski space 
with the standard treatment of the special relativity or relativistic quantum 
theory (see also |^). These points, as well as a classical counterpart oi J^q 
are discussed shortly at the end. 

Dealing with non-commutative and Hopf algebras to define g-Minkowski 
spaces requires using a number of results and exphcit expressions from quan- 
tum group theory [Q, ||, |^. To facilitate the reading of the paper, some useful 
facts and formulae are collected in Appendix A; Appendix B contains the 
proof of certain important algebra isomorphisms and algebraic properties for 
the Ai^q^ case in the main text and other general relations. 

There are, certainly, other approaches to define deformations of kinematical 



groups and algebras and their reahzations (see, e.g., [g, pq, HQ, n^, H2^, 43 



H, 55| and references therein). In particular, a widely used approach utilizes 
the contraction procedure to obtain the k- Poincare algebra The 



approaches to k- relativity (see and references therein; cf. |Q) based 
on the K- Poincare algebra, and the g-Minkowski spaces Ai^g^ to be discussed 
here seem, however, unrelated. In particular, the deformation parameter g is 
dimensionless while 1/k introduces a fundamental unit of length. This is an 
essential difference, and for this reason, the case of ^-Minkowski space Ain 
50| and its associated differential calculus [0], as well as the K-Newtonian 



spacetimes p2|, will not be discussed here. 



2 Deformed Minkowski space-time algebras 

The group of transformations preserving the Minkowski metric diag [1,-1, 
— 1,-1) is the Lorentz group (we shall consider here the restricted Lorentz 
group L). Its universal covering group SL{2,C) possesses two fundamental 
representations, Da'O and D°'2, realized by 2x2 matrices A and A = {A^^Y 
which act on undotted and dotted spinors respectively, 

c = ^/e/3 , r = i"/ . (2.1) 

The vector representation (D^'^ = D^''^ ® D'^'^) on space-time coordinates 
may be obtained through 

K' = AKA-^ = AKA^ , K = . (2.2) 

Writing K = a^x^ (cr^ = (cr*',cr*); cr" = I and a* are the Pauli matrices), 
detK = (x°)^ — x^. Clearly, K' = a^x'^ with x'^ = A^^x", and the corre- 
spondence ±A AgL realizes the covering homomorphism SL{2,C)/Z2 = 
5*0(1,3). The antisymmetric matrix e = ia"^ satisfies the property eAe~^ = 
{A-y-, hence eA*e-^ = {A'^Y and 

K" = AK'A-^ , K' = eK*e-^ . (2.3) 

Clearly, since e{a^)*e^^ = {a^, —a*) = p^, another four vector of hermitean 
matrices (not related by a similarity transformation to a^) may be introduced. 
Including the appropriate indices, eqs. ( p.2|) and ( |2.3| ) read 

K'^^ = A^PK^,{A-')r , K'^-' = A''^K^P^{A-')^', (2.4) 

and cr^ and read (cr^')^^ , (p^)"^ ; they satisfy 

^tr{p^a^) = g^^ , (2.5) 
and the Lorentz matrix given by ±A is 

K = \tr{p^Aa,A^) . (2.6) 

If K is now restricted to be traceless, this condition will be preserved iff t/ = 
{U~^y i.e., by the SU{2) subgroup. Then, the homomorphism SU{2)/Z2 = 
50(3) is realized by i?'^- = \tr{a^UajU'^). As mentioned in the introduction, 
we wish to explore in this paper the consequences of g-deforming the above 
relations. 

The crucial idea [^, |, |^, ||, || to deform the Lorentz group was to replace the 
SL{2, C) matrices A in (|2.1|) by the generator matrix M of the quantum group 



SLq{2). Due to the fact that the hermitean conjugation {Mjj = M*-) includes 

the *-operation, an extra copy M of SLq{2) was introduced, with entries not 
commuting with those of M. The i?-matrix form of the commutation relations 
among the quantum group generators (a, b, c, d) of M and (a, b, c, d) of M are 
then expressed by 

R12M1M2 = M2M1R12 , 

R12M1M2 = M2M1R12 , (2.7) 

R12M1M2 = M2M1R12 . 

As in the classical (g = 1) case, the reality condition is expressed ||, §] by 
requiring = M\ which implies^] 



d -b/q \ a* c* 



-qc 




b* d* 



{21 



This condition is consistent with all relations in ( p.7|) provided that the defor- 
mation parameter q is real, g G R. The set of generators (a, b, c, c?, a, 6, c, rf) 
satisfying detqM=l=detqM , the commutation relations ( |2.7| ) and the condi- 
tions ( p.8|) define the quantum Lorentz groupQ L'^g\ Other g-Lorentz groups 
L^q^ exist under rather mild requirements on the deformation; in fact, there 



are other M and M commuting relations replacing eqs. ( |2.7| ) if we allow for 
different R matrices in it. These, and their corresponding g- Minkowski spaces 
A4^\ will be discussed at the end of the section. 

To introduce the g-Minkowski algebra A4^^^ associated with L^^^ it is nat- 
ural to extend ( |2.2| ) to the quantum case ( ^.7| ) by stating that K generates a 
comodule algebra for the coaction defined by 



: K I — > K' = MKM-^ , Ki = MijM[;^Kji , M"^ = , (2.9) 

where it is assumed that the matrix elements of K commute with those of M 
and M but not among themselves^. Much in the same way the commuting 
properties of g-two-vectors (or, better said here, g-spinors) are preserved by 
the coaction of M and M, we now demand that the commuting properties of 



^In terms of Hopf algebras, eqs. (2.7) and define the complex >i=-Hopf SLq{2,C) 

algebra, which is generated by two copies M and M of SLq(2) satisfying ( ^.7D subjected to 
the involution M ^ A/^ = S{M) where S denotes the antipode (inverse). 

^ Again in terms of Hopf algebras, Lg^-* is defined as the *-sub-Hopf algebra of SLq{2, C) 
generated by the elements MijMj^^ (see below for the expression of the q-Lorentz matrix 
A) with the commutation relations and Hopf structure induced by the SLq{2,C) *-Hopf 
algebra. 

A dotted and undotted index notation may also be introduced in the deformed case. 



4 



However, since the dotted and undotted indices are always located, as in (2.4), to make 



multiplication of matrices always possible, we shall only use latin indices from now on. 



the entries of K are preserved by ( p.9|) . More specifically, in order to identify 
the elements of K 

^ = f ! ? 1 (2-10) 



with the generators of the g-Minkowski algebra A^^^-* we require, as in the 
classical case, 

a^ a reality property preserved by (|2.9|) , 

b) a (real) g-Minkowski length, defined through the g-determinant detqK of 
invariant under the g-Lorentz transformation ( |2.9|) , 

c) a set of commutation relations for the elements of K (a 'presentation' of 
the algebra) preserved by ( p.9|) for (|2.7| ). 

The reality condition K = K^^ is consistent with ( p. 91 ) since = as 
in the classical case. The g-determinant of K and the g-Minkowski metric will 
be given below but, using (|2.7D, it is not difficult to check (it will be discussed 
in generality later) that the commutation properties of the Minkowski algebra 
generators expressed by ( |L6|) [0, |5^, |5^ or, equivalently by 



RKiRKi = KiRKiR , (2.11) 



where R = VR (eqs. ( |A.6D , (|A.7| )), are preserved by (p.9|) and are consistent 



with the condition K=K'^ for the i?-matrix chosen and q E R. In components, 
eq. (|1.6|) reads 



Rij,kl^kfRlf,ghKgm — K jdRid,csK ctRst,mh ■ (2-12) 

For K given by ( p.lO|) , eq. ( |1.6|) is equivalent to the six basic relations ||, ^ 



a(3 = q '^(3a , [5, /3] = g ^Xa(3 , 

0:7 = g^7a , 7] = g~"^A((5 — Q;)a , (2.13) 

[a, 5] = , [7, 5] = q-^X-fa , 

which characterize the algebra Ai'^^] we shall adopt the point of view that this 
'quantum space' (algebra) is the primary object on which the non-commutative 



differential calculus will be constructed. Thus, eq. (|1.6|) (or (|2.11|) ) leads to 
the following first case: 
Definition (.M^^^) 

The quantum Minkowski space-time algebra Ai^^^ is the associative algebra 
generated by the four elements of K, subject to the reality conditions a = 



a* , 5 = 5* , /?* = 7 , 7* = /3, and satisfying the commutation relations (|1.6| ) 
(or dH)) 



The central (commuting) elements of Ai^^^ may be obtained by using the 
g-trace tr^ ^ which, for a 2 x 2 matrix B with elements commuting with 
those of M (as it is the case of K) is defined by 



trgB = tr{DB) = q-%i + qb22 , D = diagiq-\ q) . (2.14) 



The g-trace is invariant under the coaction B MBM ^, 

trq{MBM'^) = trq{B) . 



(2.15) 



This follows easily by using the preservation of the g-symplectic metric e"^ 



(which replaces ia^ for g = 1) by the SLq{2) matrices, 

-1/2 



q- 

1/2 



(2.16) 



since D 
satisfies 



q^qt. 



we shall drop the superindex q henceforth. The matrix D 



M^D{M' 



-i\t 



D , M^D{M-y = D . 



(2.17) 



In the general i?-matrix case D may be expressed (cf. ||^) as D = 
Q'^^^(2){^[(-Ri2)^^]*^}) where the ordinary trace is taken in the second space 
and the transpositions refer to the first space; the factor has been chosen 
to reproduce (|2A^) for the GLq{2) i?-matrix ( W^ - 

The centrality of the g-trace follows from ( |1.6| ), which after left (right) mul- 
tiplication by {R21) s^iid a similarity transformation with the permutation 
operator V (eqs. ( [A. 61 ), ( [A.7| )) may be rewritten as 



K2R12K1R7' = RZ.'KiR2iK. 



^2 ■ 



(2.18) 



Indeed, since R12 and R21 provide representations of the SLq{2) quantum 
group when considered as 2 x 2 matrices in the first space of x (although 
not faithful: 6 = for R12 and c = for R21), taking the g-trace in the first 
space it follows that 

Kci = ciK (2.19) 



with 



ci = tVgK = trq^i){RuKiR^2^) = trq^^){R2^ K1R21) = q-^a + qS. (2.20) 



By iterating the procedure which lead to (|2.18| ) it is found that [^, |2^ 

K2Ri2KlR^^ = R2^KlR2iK2 (2.21) 

and hence, after taking tr^(i) in this relation, 

Kcn = CnK , c„ = tr,ir" . (2.22) 

The first two central elements ci and C2 are algebraically independent, but 
the Cn for n > 2 are polynomial functions of them due to the characteristic 
equation for K [^H, 



qK^-c,K+^^{q-'cl-C2)I 



0, 



(2.23) 



The g-determinant detqK of K is obtained by means of the g-antisymmetri- 
zer P_ [ (|A.11| ), ( [A.12| )], which is a rank one 4x4 projector. It is defined pO| 



through 

{detgK)P^ = -qP^KiRKiP^ = {a5 - q^lf3)P- , (2.24) 

although one of the projectors P_ may be dropped since it is easy to check 
that both P_KiRKi and KiRKiP^ are proportional to P_. It is central since 

det,K = ^^{q~^cl-C2) , (2.25) 
and, provided it is not zero, 



K-^ = (detgK) 



-1 



— q\a —q^l3 
— a 



(2.26) 



Since it may be expressed in terms of g-traces, detqK is obviously preserved 
under a similarity transformation K MKM~^ where M and belong 
to the same quantum group. But, despite of the fact that the central elements 
c„ are not invariant with respect the g-Lorentz transformation ( p.9|) because 
it involves M and M~^, detqK is nevertheless preserved under this coaction. 
Using (12:2^ ) we find 

detq(f){K)P^ = detq{MKM-^)P^ = -qP^MiKiM2RM2^KiM{^P_ 

= -q{detqM)P_KiRKiP_{detqM)-^ = {detqM)detqK{detqM)-^P^ , 

where we have used Mi^RMi = M2-RM2~^ (from the last equality in ( p.7| )) as 
well as the definition (|A.13|) of detqM. Since detqM=l=detqM , detq(f){K) = 
detqK, and we may identify this real and central invariant element with the 
square Iq of the q-Minkowski invariant length ^ [10], ^] 



Iq = detqK = aS- q'^-fP , Ig G M'^^^ . (2.27) 

The g-trace tVgK = ci is central but not invariant; it will be later identified 
with the time coordinate. It is invariant under the SUg{2) 'subgroup' as in 
the classical case since then M=U, M~^=M^=?7^, the matrices U satisfy 
the 'unitarity' condition W=U~^ and the SUq{2) coaction is defined hj K 
UKU~^ (it will be seen in Sec. 5, however, that there is no consistent reduction 
to SUq{2) in the whole Ai^g^ x V^^'^ algebra). We shall not need the explicit 
form of the 4x4 and 3x3 g-Lorentz and g- rotation matrices; the interested 



reader may find them in H, EE 



Let us now find the expression for the g-Minkowski metric. First, we notice 
that if we define R"^ by 

= e%R,sMi^%' it = (1 ® e*)i?(l ® ie-'Y)) , (2.28) 

it follows from the last eq. in ( |2.7|) , written in the form RMiM2=MiM2R or 
RM (g) M=M (g) MR, that 



M®{M~^yR') (2.29) 



since e*M(e = (M ^)*, etc. (cf. (|2.16|) ; notice that in the q ^1 case, 
{M-^Y ^ (M*)~\ although {M'^ = (M^)-!). Now, since the g-Lorentz 
transformation (|2.9|) may be written as 

Ki = AisjiK.i , A,,,,, = (M ® (M-^)*)i.jz , (2.30) 

(in this form, the reahty of A means that A*^^-; = Agi^ij or A* = VAV). As a 
result, if K transforms by ( |2.9| ) say, contravariantly, then 

= Rl^^,iK,i {K^ = kK) 

transforms covariantly. 



From (|2]2|) and (pTzD we find 



(2.31) 
(2.32) 



R' 



A -g 
g 
g 







(R 





" 








-q ' 


1 _ 





q-' 
















q-' 















-A . 



so that ( |2.31| ) gives 



qi 



q 



(2.33) 
(2.34) 



and KK^=—q^^{detqK)I is g-Lorentz invariant (this relation is trivially checked 
when detqK ^ since in this case K'^=—q^^{detqK)K~^, eq. ( p.26| )). The 
scalar product is thus given by the g-trace of K'^K 



Iq = detqK 



[2] 



trq{KK' 



[2] 



■trq{K'K) , [lq,K] = 



(2.35) 



which also follows from ( p.24| ) since (P_)jj_fc/=[2] ^eijeki (eq. (|A.12|) ) and eq. 
(PI) give {KiRKiP_)i,^ki = iKiKlP_)ij,ki so that detqiK)! = -q{KK'). 
The square of the invariant length may be expressed in terms of a g-Minkowski 
tensor gij^ki as 



h — q^9ijM-^ij-^ki — TT^Dsi.R'jg kiKijKki 

[2J 



(2.36) 



Explicitly, 



9ij,kl 



-q 



-q~ 



[2] 



{9 



-q~ 



[2] 



-D{PR 



12j 



(2.37) 



and, on account of (|2.29| ) and ( p.l7|) , g satisfies 



9-^ 9 ) -^rs,ij9rs,mn-^mn,kl 9ij,kl 



(2.38) 



Let us now analyze in generality the possible commutation properties of 
the entries of a matrix K generating a g-Minkowski algebra Aiq. We may 
describe them in an unified way by means of a general RE (see and 
references therein) 



(2.39) 



Writing the same equation for K' = MKM~^ and comparing with (|2.39|) , we 
conclude that the invariance of the commutation properties of K under ( |2.9| ) 
is achieved if the relations 



(2.40) 



are satisfied (eqs. ( |2.39| ), ( |2.4CI| ) also follow easily from the bivector -rather, 
bispinor- character of K (see [0) (in fact, they might be used to consider other 



dimensions by extending the arguments used to deform D 



1 1 

2 ' 2 



to the D^'^ = ® D^'^ case) 
equation may be rewritten as 



Using the permutation operator V, the first 



(2.41) 



(and similarly for i?*^^) and tilded M's). It follows from (|2.4CI|) that we may 
take = /2(i)t or = P(i?(i) -i)tp and that i?^^) = Pi?(3)p and i?(2,3)t = 
VR^^'^^V. If M and M are copies of the same quantum group then i?'-^-'^ = 
VR^^^V (or = this condition is not satisfied by (|0|) ). 

Relations ( |2.40| ) can be treated simultaneously by using a four dimensional 
g-Dirac spinorial realization in terms of the 4x4 matrices 



S 





r = sics- 



(2.42) 



which reproduce ( ^.9] ) and ( |2.32| ) (see the end of Appendix B), and by intro- 
ducing (cf. 1^) the 7^- matrix 



7^ 



f 





V VR^^^V J 



(2.43) 



In this way, the set of relations ( p.40| ) defining a deformed Lorentz group can 
be written in 'i?TT' form. 



nSiS2 = S2Sin 



(2.44) 



where the 16x16 matrices Si and ^2 are defined in block form by 



Si 



( Ml 



V 





Ml 








Ml 








Ml ; 



So 



( M2 



V 





M2 









M2 









M2 



(2.45) 

Relations ( |2.44|) may be used to define the commutation relations of the gen- 
erators (entries of iS) of a quantum group. Standard arguments (see below 
( |1.4| )) may be now invoked to require that 71. satisfies the YBE 



'^12'^13^23 



"^23^13^12 



(2.46) 



where Ti-vi-, ^^13 and 7^23 are 4^ x 4'^ matrices acting on C^(8)C^®C^. Multiply- 
ing by blocks the matrices in both sides of eq. ( |2.46|) , it follows that the 4x4 
matrices R^^^ ^ R^^'^ must satisfy the YBE and R^'^\ R^^^ the mixed consistency 
equations 



see 
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d(1) d(3) p(3) 
-'T'12 -'T'13 -"'23 



d(3) p(3) p(l) 
-'•'23 -"-13 -"-12 



p(4) p(2) p(2) 
-"-12 -"-13 -"-23 



d(2) p(2) p(4) 
-"-23 -"-13 -"-12 



(2.47) 



(these two equations become the same either for = pRWp or R^^^^ = 

RW^^y^ notice, for instance, that the first equation tell us that R^^^ is a rep- 
resentation of the SLq{2) quantum group if considered as an 'RTT' equation, 
cf. (O). The possible deformations of the Lorentz group expressed by ( p. 40 ) 
have i?^*) matrices satisfying (|2.47|) as a result of ( p.46|) (of course, one may 
arrive to the YB-like eqs. ( |2.47| ) directly from ( p.40| ) by the usual reorderings 
of the product of three matrices acting on their respective spaces). 

Let us go back to the g-Lorentz group L^^^ defined by eqs. ( |2.7| ) . Comparing 
equations (|2.40|) with (|2.?| ) we find the solutions 



1-21 



12 



= R^^orR^i, (2.48) 



with R12 given in (|X1 ); thus, = The solution R^^^-- 

i?(4)=i?2^ was the one used in (jT^) [(PTTDj. The possibility = 
R^'^^=Ri2 implies replacing (|2.11|) by 



RKiRKi = q^KiRKiR^ 



~-Rl2, 
~-Rl2, 

(2.49) 



However, it is shown in Appendix Bl that ( p.49| ) also leads to (|2.13|) with the 
and thus it may be discarded. The other two solutions 



restriction detqK 

rW=R-1, R(^)=R-^ and R^^'>=R2i, /?(^)=i?2i, are, respectively, the same 



as ( p. lip and (|2.49| ); thus, the assumptions on the g-Lorentz group refiected 
by eqs. ( |2.7| ) lead uniquely to ( |1.6D or ( p. 131 ) as the relations defining the 
g-Minkowski algebra A^^^-*. 

The above is not the only possibility. Other solutions may be found by 
looking for other consistent sets of matrices R^^^ in ( p.39| ), (|2.40|) . Let us 
discuss now two simple examples and mention a couple of others at the end of 



the section. We may introduce another g-Lorentz group L^^^ generated by the 
same non-commuting entries of M and M as reflected by the first two equations 
in (|2 ■ 7|) , with the same *-operation, by replacing the third relation in (|2.71 ) by 
M1M2 = M2M1, so that the elements of M and M commute in between. This 
corresponds to taking R^'^^ = R^^^ = J, and leads to the possibilities 

Ri2K^^^Kf^ = Kf^Kf^R2i ; (2.50) 

R^2K?^Ki'^ = q'Kf^Kf^R-,2' , (2.51) 

(the superindex has been added to distinguish K^'^'^ from the previous K = 
K^^^). It is simple to see that eqs. (|2.50|) , (|2.51 ) are consistent with the 



reality condition K'^'^^ = K^'^^'^. Eqs. ( |2.50D (and ( |2.51| ), which corresponds to 
detgK^'^^=0) lead to the following independent commutation relations for the 
entries of K^"^^ generating the algebra (cf. ( |2.13| )) 



a 



(2)/5{2) = g-l/3(2)a(2) , a{2)^{2) = ^^(2)^,(2) ^ [^,(2)^ ^(2)] _ g 



[/?(2), ^(2)] = Aa(2)5(2) ^ ^(2)^(2) ^ ^^(2)^(2) ^ ^(2)^(2) ^ ^-1<5(2)^(2) 

(2.52) 

The identifications a ^ b, f3 ^ a, 'y ^ d, 6 ^ c, make this algebra isomorphic 
to the GLq{2) one in eq. (|1.1|) 0. There is an invariant and central element 
in the Ai^g^ algebra which determines the Minkowski length and metric. The 
determinant (which is zero for (|2.51|) ) is given through (see (|B.17|) ) 



det,(ir(2))p_ = -girf) wPp_ , detg{K^^^) = a^^^5^^^ - ^7^'^/?^'^ , (2.53) 

(cf. ([2:2^ )). This definition guarantees that detq{K'^'^^)=detg{K^'^^) for the 
coaction 0*^^^ of L^^^; notice that in (|2.24|) R is replaced by V since now 



MiM2=M2Mi. For A^^^\ however, there is no linear central element. This 



follows from the fact that eq. ( |2.50|) can be linearly transformed into a 'i?TT' 



relation [( [1.3[ ), ( p..l| )] by the change T = K^^^'a^, where is the Pauli matrix, 
and that there is no linear central element for the GLq{2) algebra. 

There is another obvious possibility for the *-operation in the case of ( |2.5CI| ). 
We can take K'^ :=K~^{detqK), which is consistent with the coaction ( p.9|) if 
Mt = and = M"! since then 

K'^ = {MKM-y = {M-yX^M^ = MR-^M-^detgK = K'~^detgK' 

(2.54) 

provided that the proportionality coefficient (the g-determinant, eq. (|2.53|) ) 
is the same. Thus, M and M generate two unrelated SUq{2) copies. This 
was one of the reasons to relate (|2.50|) (with this *-operation different from 
the previous one) with a g-deformed euclidean space [^, ^ (see also |]B2[) R'^- 
covariant with respect the quantum orthogonal group SOq^i) ~ SUq{2) ® 
SUq{2) 10. Clearly, this ^-operation coincides with the classical relation 
(uax")^ = {cii3X^)~^{JZa^V) fo^ I'sal Coordinates (a=l,2,3,4) with aa = i<Jj 
for a=j=l,2,3. 



A third possibihty AAf^ is obtained by setting equal to unity the R matrices 
in the two first equations in ( p. 7] ) but not in the third. In this case, the matrix 
elements of M (and M) are commuting (they define an SL{2, C) group each), 
and the non-commutativity of the entries of M and M is described by a certain 



matrix V through (cf. (|2.7|) ) 

VM1M2 = M2M1V , (2.55) 

M~^=M^ . There is no SUq{2) subgroup in this case: the mapping M U, 
M i-^U = U'^) identification M = {M'^Y = M would imply VU1U2 = 
U2U1V contradicting the assumed commutativity of the entries of M. The 
commuting properties of the corresponding K^^^ = Z, with entries and trans- 
formation properties given by 



z^ 

z^ z^ 



Z^ , Z' = MZM-^ , (2.56) 



[z^=z^*, z'^=z^*, z^=z^*, z^=z^*) are determined by setting R'''^^=V=R'''^\ 



R(^)=I^=rW in eq. ( p39D 



Z1VZ2 = Z2VZ1 . (2.57) 

For instance, for V = diaglp^, 1, l,p^) (we have used p rather than q to stress 
the trivial deformation character of this algebra, see below), we obtain 

z^z"^ = p^z^z^ , z^z^ = p^z^z"^ , z^z'^ = p^z'^z^ , ,^ 

z'^z^ = p^z^z"^ , z^z'^ = z^z"^ , z^z^ = z^z^ . \ ■ J 

The Minkowski length is again given by the p-determinant, detpZ = z^z^ — 
p^z'^z'^ (see ( |B.17| )); trZ is here the ordinary trace (eq. ( [B.16| ) for R^^^=Ii 
gives D=l2), and it is not central. 

We can take this case as an illustration of the interrelation between the 
properties of the i?-matrices and the reality condition (^-structure). For in- 
stance, we could take for V an hermitean arbitrary diagonal matrix, V = 
diag{pi,p2,P3,Pi)- Then M^VMi = MiVMI implies MIVM2 = M2VMI, 
which using the permutation operator gives MlVVVMi = MiVVVMl Thus, 
VV = VV, which immediately gives the restriction p2 = Ps fulfilled by the 
present case. This p-Minkowski algebra A4^^ was obtained in from the 
analysis of a deformation of the conformal group SU{2,2) as a real form of 
a multiparametric deformation of 5'L(4,C), which justifies the previous form 
for V. However, this algebra and the corresponding deformed Lorentz group 
have been shown to be [34| a simple transformation (twisting |65, |6^) of the 



usual ones. This means, in particular, that it is possible to remove the non- 
commuting character of the entries of Z, although we shall not discuss this 
here (see P7|). 

The properties of the g-Minkowski algebras above considered are summa- 
rized below: 





M, M relations 


in eq. (|2.40) 


Comments 




[M,M]^07^[M,M]; 
[M, M] ^ 


i?(i)=i?(3)=i?^2 


isomorphic to a 
braided algebra f^6, 


i 


[M,M]^0^[M,M]; 
[M, M] = 


/2(2)=i?(3)=J^ 


K isomorphic to 
GLq{2) algebra 


|63| 


[M, M]=0=[M,M]; 
[M, M] ^ 


i?(l)=i?(4)=J4 
i?(2)=i?(3) = 

diag{p^, 1, 1,^^) 


Twisted 
J^q space 



It is clear that other g-Minkowski spaces could be found by using the same 
general approach. To conclude, we just mention as other possible examples a 
'mixture' of and Mf with R^^^ = VR^'^^V = R^, R^"^^ = VR^^^V = V, 
and a 'gauging' of the W case with R^^^ = VR^^^V = R12, R^"^^ = VR^^'^V = 
e"'^ii?2ie~"'^i, where the subindex in af refers to the first space. The quantum 
determinant, again defined by the general expression detqK oc P^KiW-^^ KiP_ 
[( B.lTp ] is invariant and central in both cases, while the time generator, x° 
see ( |B.16| )), is not. 



trqK 



3 Deformed derivatives and q-T>e Rham com- 
plex 
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The development of a non- commutative differential calculus (see, e.g., [| 
|68| , |57| , [69| , [70(1 ) requires including derivatives and differentials. We shall now 
do this first for the g-Minkowski space A<W [( PTI) ] by extending the RE to 
accommodate in them derivatives and differentials. Consider first an object Y 
transforming covariantly i.e.. 



Y 



Y' = MYM 



-1 



Y 



u V 
w z 



(3.1) 



The invariance of the commutation properties of the matrix elements of Y 
(now described by ( |2.39| ) with Y replacing K) gives, on account of (p^.Tj), the 
solutions 

= i?i2 or R;^1 , = i?^2^ , = R-^^l , = i?2i or R^:^ . (3.2) 

These four possibilities again reduce to two, 

R^^YiRxlY^ = Y2R21Y1R21 or RYiR-^Yi = YiR-^YiR ; (3.3) 
q'^R-^YiR-^Yi = YiR~^YiR , (3.4) 

of which we shall retain only ( |3.3D since ( |3.4| ) leads to the same algebra plus 
the condition detgY=0 (see (|3^) below and Appendix A). Eq. 

[u, v] = qXvz , vz = q^zv , [u, z] = 

[w, u] = qXzw , [f , w] = q\{u — z)z , wz 



q "^zw 



3|) gives 

(3.5) 



for the generators of T)^q^ . The (central and g-Lorentz invariant) g-determinant 
is defined through 



{detgY)P_ = {~q-^)P_YiR-^YiP_ = [uz - q-^vw)P_ (3.6) 
so that, when it is non-zero, 



z —q 
—q~^w q~''^u + q^'^Xz 



(3.7) 



Since Y is covariant, we may define a contravariant Y'^ by (cf. ( p.31| )) 



Y' = {R')-^Y 



-qz 



q 



q —q — \z 



(3.1 



(when detgY ^ 0, = -q{detqY)Y-^)] then, (cf. (|235| )) 
-1 



detqY 



^trq{YY^) = -^trq{Y^Y) ^ , [□„ Y] = 



(3.9) 



where Dg becomes the (L^-invariant) g-D'Alembertian once the components 
of Y are associated with the g-derivatives. Indeed, since we have already 
associated K (contravariant) with A4^g^ and we wish to have the equivalent of 
the classical Lorentz invariant x'^d^ we shall associate Y (covariant) with the 
algebra T'^^-' of the g-Minkowski derivatives; it is clear, however, that one could 
proceed reciprocally. The commutation properties of the elements of K, Y^ 
and Y~^ (when detgY ^ 0) are governed by an equation of the type ( |1.6| - |2.11| ); 
similarly, those of y, K'" and (when detqK ^ 0) obey a relation like ( |3.3| ) 
(for instance, inverting ( |2.11| ) one obtains RKi^R~^Ki^ = Ki^R~^Ki^R, 
cf.( ^73D ). Thus, the entries of K, y and Y~^ (resp. Y, K"", K~^) satisfy the 
same commutation relations, and the algebras they generate are isomorphic. 
Symbolically, if ~ ~ Y~^ and Y ~ K'^ ~ K~^, a fact that may be explicitly 
checked using eqs. ( P7[B[ ), (§3|), (§]§), and (^), (^7^. Moreover, it is 
proved in Appendix B2 that the following isomorphisms among these algebras 
hold 



(1) 



(1) 



(3.10) 



where the subindex g~^ indicates that the corresponding algebras are defined 
by ( p. 131) and (|3^ ) where g is replaced by g^^. 

The next step in constructing the non-commutative g-Minkowski differen- 
tial calculus is to establish the commutation properties among coordinates and 
derivatives. We need extending the classical relation d^x'^ = x'^dfj, + 6'^, d'^=—d, 
to the non-commutative case in a g-Lorentz covariant way. This requires con- 
sidering an inhomogeneous RE of the form (more complicated expressions are 
possible |]55[1 ) 

Y^R^^^ KiR^"^^ = R^^^KiR^^^Y2 + r/J, (3.11) 



where 77 is a constant and rjJ—^I^ in the hmit, invariant under the trans- 
formation 



J I — ^ M2MiJM^^M^^ = J , M2M1J = JM2M1 



(3.12) 



An analysis similar to those of Sec. 2 shows that the invariance of the non- 
linear terms in (|3.11| ) under (|2.9|) , is achieved with 



= i?i2 or , _ ^ ^(3) _ ^ ^(4) _ ^-1 ^ ^3 ^^3^ 



As for J, setting J = J'V in eq. ( ^121) gives M2M1J' = J'MiMs, hence 
J = R12V (the same result follows if we set J = PJ'). This means that there 
are, in principle, four basic possibilities consistent with covariance expressing 
the commutation properties of coordinates (elements of K) and derivatives 
(entries of Y). Using again R = VR, these read 



YiRKiR = RKiR-'Yi + r/ii? ; 

YiR-^KiR = RKiRYi + 7]2R ; 
YiRiKiR = RKiRYi + r]^R ; 
YiR^^KiR = RKiRT^Yi + 



(3.14) 

(3.15) 
(3.16) 
(3.17) 



Due to the fact that these expressions now involve K and Y , they are all 
unequivalent. In fact, we do not need assuming that the four Y's appearing in 



each of the equations (|3.14| - |3TT7|) are the same; all that it is demanded is that 
all they transform as y 1— >■ MY M~^. 

Let us now look at the hermiticity properties of K and Y . It is clear 
that, since R = W {q is real), eqs. ( |1.6D and ( |3.3| ) are consistent with the 
hermiticity of K and the antihermiticity of Y . However, this is no longer 
the case if the inhomogeneous equations are included. Keeping the physically 
reasonable assumption that K is hermitean, eq. ( |3.14| ) gives 



yIr-^KiR = RKiRYI - r]iR 



(3.18) 



i.e., Y'^ satisfies the commutation relations given by the second inhomogeneous 
equation (|3.15|) for rj2=—rii (of course, Y ^ = MF'^'M"^ again since M = 
{M~^y). Thus, we need accommodating Y'' by means of another refiection 
equation, eq. ( p.l5|) for F"!". Having then selected ( |3.14| ) for Y and ( |3.15| ) for 
we may now consider the other possibilities (|3.16|) , (|3.17| ). It turns out 
that these possibilities are inconsistent with the previous relations ( |1.6| ) and 
( p.40| ), what may be seen with a little effort by acting on ( p.l6|) , ( p. 17] ) with 
an additional K or Y. 

In order to have the inhomogeneous term in the simplest form (the analogue 
of the 6^ of the q = 1 case) it is convenient to take rji = q^ = rj and to redefine 
yt as y = —q~^YK In this way, the full set of equations describing the 



commutation relations of the generators of the algebras of coordinates {K), 
derivatives [Y) and their hermitean conjugates (F^ oc Y) are given by 



RKiRKi = KiRKiR , 

RYiR-^Yi = YiR-^YiR , RYiRr^Yi = YiR-^YiR ; 

YiRKiR = RKiR-^Yi + 7]R; r] = ■ 

YiR-^KiR = RKiRYi + fjR , fj = q''^ . (3.19) 

Notice that, although we have identified Y with the derivatives and Y with 
their hermiteans, the reciprocal assignment is also possible. 

To determine now the commutation relations for the g-De Rham complex 
we now introduce the exterior derivative d following 0; we shall assume that 
(P=Q and that it satisfies the Leibniz rule (other possibilities for g-differential 
calculus are occasionally considered |]7l], 0). To the four generators of the 
M^q^ (coordinates) and of T>^^^ (derivatives) Minkowski algebras we now add 
the four entries of dK (g-one-forms) , which generate the algebra of the q- 
forms A^^) (the degree of a form is defined as in the classical case). Clearly, d 
commutes with the g-Lorentz coaction (|2.9D, so that 



dK' = MdKM-^ . (3.20) 



Applying d to the first equation in (3.19) we obtain 



RdKiRKi + RKiRdKi = dK^RKiR + KiRdK^R . (3.21) 



We now use Hecke's condition R = R ^ + A/ [ (|A.9|) ] to replace one R in each 



side in such a way that the terms in dKiRKi may be cancelled. In this way 



we obtain that a solution to (|3.21| ) is given by 

RKiRdKi = dKiRKiR-^ , (3.22) 

from which follows that 

RdKiRdKi = -dKiRdKiR-^ . (3.23) 

Again, we may check that these relations are not invariant under hermitean 
conjugation, since they lead, respectively, to 

RdK\RKi = KiRdK\R-^ , RdK\RdK\ = -dK\RdK\R-^ . (3.24) 



Notice again that the first equation in ( |3.24 ) is also a legitimate solution of 



( p.21| ) for a generic dK {dK and dK^ transform in the same manner); in fact. 



it is obtained by replacing two R! s in (|3.21|) in such a way that now the terms 



KiRdK\ are cancelled. We expect the 'g-determinant' of dK to vanish; using 
i WM ) we check that 

trq{dK dK') = , (3.25) 



where dK'=R'dK (cf. (|jT])) and, in fact, P_dKiRdKi = 0. 

Finally, to complete the full set of commutation relations, we need those 
of dK and Y (and their hermiteans). They are given in general by 



Y2R^'UK,R'^^^ = R^^UK,R^^^Y2 



(3.26) 



which has the same transformation properties as ( |3.11| ) with J = and hence 
the same solutions (|3.13D. Thus, we may take 



YiR-^dKiR = RdKiRYi 
Its hermitean conjugated relation has the form 

YiRdK\R = RdK\R~^Yi 



(3.27) 



(3.28) 



and it corresponds to another possible solution for ( |3.26| ) now written for Y . 
Notice that the RE ( |3.26| ) is, as always, characterized by the transformation 
properties of its entries, and that Y and Y and dK and dK'^ , respectively, 
transform in the same manner due to the reality condition M = {M~^y . The 
other two solutions (with Y (dK) replaced by Y {dK'^)) correspond to the 
commutation properties of Y, dK and Y, dK'' 



YiRdKiR = RdKiRYi 
YiR-^dK\R = RdK\R-^Yi 



=^ RdKlRYi = YiRdKlR ; (3.29) 

=^ RdKiR-^Yi = Yifr^dKiR . (3.30) 

Eqs. i^J^, (lO^jO^ ) and (|;23-|;30|) [||] define the full differential calculus 
on Ai^^^ 0. We may now give a compact expression for d. As its invariance 
suggests, it has the form 

d = trq{dKY) . (3.31) 



We shall use ( 3.31 ) to obtain further expressions for the non-commutative 
differential calculus on Ai^^^ in Sec. 5 but, before doing so, it will be convenient 
to discuss in the next section how to select a more natural basis in A4^^ and 

To exhibit the generality of the previous reasonings, we conclude this sec- 
tion by applying briefly our framework to e.g., the Ai^^^ algebra discussed at 
the end of Sec. 2. For the derivatives (which transform hj (p : D D' = 
(M^y^DM-^) we find that 



DiV-^D2 = D2V-^Di 



D 




(3.32) 



since VVV=V; thus, M^li ^ P^^^ since V{py^=V{p^^). Here Z and D may 
be taken hermitean and antihermitean simultaneously, and there is only one 
possibility for the mixed Z, D relation of the form 



D1Z2V = VZ2D1+VV 



(3.33) 



since Ma'^M^ JMi(M2"^)t = J with J oc VV using (^351) . Clearly, = 
tr{dZD). For the basic relations of the p-De Rham complex we get 

dZiVZ2 = Z2VdZi , dZiVdZ2 = -dZiVdZi ■ (3.34) 

all other relations are found easily. For instance, 

DidZ2V = VdZ2Di . (3.35) 



4 Q-- Tensors and covariant 'coordinates' 

Since neither of the g-Minkowski spaces Ai^^^ are manifolds (they are non- 
commutative associative algebras), we cannot define 'coordinates' for A^^*-* in 
the usual sense. However, there are some sets of generators which are more 
convenient than the generic ones provided by the entries of K, eq. ( p.lO|) . To 
find more suitable set of generators for Ai^g^ we now look for the g-equivalent 
to the undeformed or classical splitting K = a^x^. We shall introduce the 



g-sigma matrices by imposing the condition that they are g-tensors [|73| , [74| . 
Consider the simplest case of SUq{2). The statement that the cr* {i = 1,2,3) 
constitute a g-tensor (in fact, a g- vector under the g-deformed rotation group) 
means that the adjoint action p{X) may be expressed in the form 

{p{X)a)u =< X, UaU-' >u=< X, U,,U,i' > cfjk , (4.1) 

where U G SUq{2) and X is an element of its dual quantum algebra. Using 
the product/coproduct duality [ (|A.15| )] and that A(X) = J2r^i ® X2, this 



may be written as 

ipiX)a)i, = E < Ui, > < XI, U^i' >= 

r 

= Y.< XI, Ui, > a,k < S{X;), Uki > , (4.2) 

r 

since S{U)ki = U^i^ and < X, S{U) >=< S{X), U >, S denoting the antipode. 
Written in this way ([4.2|) corresponds to the general definition of a tensor 



operator T 74 



p(X)T = J2iXl)^TSiX;)^ , (4.3) 

r 

where the subindex w here indicates the representation of X[ and S^X^). It 
is simple to see that this expression reduces to the more familiar one given 
in terms of commutators with the generators of the g-algebra. Using the 
expressions for the coproduct of the sug{2) quantum algebra generators 

A( J3) = J3 ® 1 + 1 ® ^3 , A(g-^3) = qJs ^ qJs ^ 



A( J±) = J± ® g~^^ + g^^ ® J± , 



I) or ( |4.^ ) give for a SUq{2) tensor the explicit conditions 



eqs. 



(4.4) 



7q 



[]±m + 1] [] - m]Ti^^ 



(4.5) 



which reduce to the usual commutators for q = I. Note, however, that the gen- 
erators of the algebra do not constitute a g-vector in the quantum case. Using 

1 M 

-l) 

(see Appendix A2) it is easy to check that the 'g-Pauli' matrices a±, in 
the set 



now the representations of J±, J3 given by 
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' 2 



0-3 



q 

q 

-q 

q-^ 








-q 



-1/2 













(4.6) 



constitute an SUq{2) g-vector; the additional g-sigma matrix, ao=qI, is an 
SUq{2) scalar. Using ( |4.(j| ), the matrix adopts the form 



K 



g(x° — x'^) 


-[2]'/'g-i/2x+ ■ 




" qD 


B 


[2]'/^q'/^x- 


gx° + g'-'^x'^ 




A 


C/q _ 



(4.7) 



where (A, D) is the basis used in 0, H, 0; thus, the time generator 



X 



-q ^[2] ^tTqK is central. 
The g-Minkowski tensor (|2.37|) gives in the (a, /5, 7, 5) basis 



[2] 



Ag-i 0-1 

10 

g2 

-10 



(4i 



in the x^ (yu=0, ±, 3) and x^={A, B, C, D) basis the metric reads, respectively. 



' 1 
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-1 



9'" , gij 



-q' 



[2] 



g2 

1 

0-1 






-1 
gA 



(4.9) 

Similar expressions are given in ^ |1^, |^ ; the overall factor in ( |4.8| ) has been 
fixed so that in the 'physical' x^ basis g^j^y has determinant one. 

Using ([4.7| ) and (|2.13|) , we find that the six basic commutation relations 
for the x' s are given by f^, [T^ 



x^] 



[x"*", X ] = Ax^(x° — x^) 



X (x — X ) = g (x — X )x 
x'''(x° — x'^) = g^(x° — x^)x"'" 



(4.10) 



and in the {A, B, C, D) basis by ||, |^ 



[A,B] = -q-^\CD + q\D^ , 
[A, C] = qXAD , 
AD = q-^DA , 



[B^C] = -q-^\BD 
BD = q^DB , 



(4.11) 



Since the metric g^j,^ is not symmetric, a convention is needed to rise and 
lower indices. We shall adopt the convention that g acts on coordinates from 
the left and on the g-sigmas from the right, K = cr^x^ = cr^gy^x^ = a^x^,. 
Thus, 



a 



q 
q 



q 
-q-^ 



-as 



a 



Then, K = a^Xy is given by 



K 



and Iq = q^gfj,uX^x^ 



qxo + qxs g^^^^ [2]^^'^ x_ 
[2]^^^ qxo — q^^x^ 

q'^x^Xyg'^f' [(|J5D and (pl)] 





g3/2 







-qa^ 



-q 



(4.12) 
(4.13) 



= q'^[{x^)^ — q ^x~^x — qx x~^ 



[X 



q'^[{xo)^ — qx^x^ — q ^x_x^ — (^3)^] 
CD - q^AB . 



(4.14) 



A four vector basis for the covariant matrices Y is immediately obtained 
from the contravariant by means of R^. Since all these matrices are defined 
up to a proportionality constant, we introduce a factor —q^^ by convenience 
to define 

p^ = -q-^ka^ , p^ = -g-i^V'^ , (4.15) 
where {R^a)ij = R^j j^iaki- Using ( [^.33| ) we obtain p° = po = g~^/ and 

p^ = (po, -ai) , p^" = (p°, -a') 



and check that the equivalent to 



is satisfied, 



■^trgip^ay) = g^y , |^tr,(p^a'' 



(4.16) 



(4.17) 



where g^i, is given by the first expression in ([4.9|) . In terms of the p's, we find 
Y = p'^d^ = p^9^ 



Y 



q~'do-qd3 -g-3/2[2]'/'9_ 
-q'/^2]'/'d+ q-\do + ds) 



dD 



'c 



(d^ = d/dx^, d/dxo = 9°, d/dx+ = q^d^ , d/dx_ = q "^d , 8/8x3 



then (|3.3|) or (|3.5| ) gives the commutation relations 

[do,d±] = [do,ds] = , 8+{do + ds) = q-\do + ds)d, 



(4.18) 
9^) and 

(4.19) 



which in the dj basis read ^ 

[dA, 83] = q\{8D8c - 8c8c) , 
[8a, 8d\ = -q^\8c8A , 
[8b,8d\ = q\8c8B , 

In these basis, the definition (|3.31| ) leads to 

d = dx^8i = [2]dx^8fj, = [2]dx^8/8x^ {x' 



[8c,8d] = 0, 
8a8c = q^8c8A 
8c8b = q^8B8^ 



(4.20) 



■c 



A,B,C,D; fi = 0,±,3) 



(4.21) 

(the factor [2] may be absorbed in the definition of the a's and p's) and the 



D'Alembertian operator (|3.9| ) reads 

= 8c8d - q-^8A8B = q-\8l - q8+8- - q-^8-8+ - 8l) . (4.22) 



The relations ( [4.19| ) are, we note in passing, the same that we would have 
obtained for the coordinates x^, and those of ( |4.10 ) are the same as those 
for the derivatives 8^. This fact, not evident a priori, becomes obvious once 
we notice that transforms a's into p's, and that accordingly the entries of 
p^x^, whose non-commutativity properties are already fixed by those of the 
coordinates x^, have the same commutation properties as p'^c?^ in Y . It may 



be checked that the K-Y and K-Y equations in ( |3.19| ) reproduce, respectively, 
the quadratic coordinates-derivatives relations in the x'^, 8^ basis ||10[ (once 
the 9's in [T(]| are identified with the 9's in Y and some misprints in formulae 
(3.9) of this reference are corrected) and in the x^ , 8j basis 0. 

The above covariant operators may now be used to construct a covariant 
g-Dirac operator. Without making any explicit reference to a basis, it is given 
by 

" ~qY' 
Y 



(4.23) 



and transforms covariantly under the reducible g-Dirac spinorial representation 



5(A) 



M 
M 



(4.24) 



i.e., iS(A) pq S~^{A) =pq' . The Dirac gamma matrices may be extracted 
from ([4.23|) easily by recurring to a specific basis. In the 9^ basis, pq = 'j^8fj, 
leads to 











(4.25) 



where the g-matrices a^, are given by ( [4.12 ) and ( [4.16 ); in the (A, 5, C, D) 
basis they are obtained immediately from ( |4.18| ) and the analogous expression 
for y^, with the result that 









q^dc 


-q'^dA 








-qds 


do + qXdc 


do 


q-^dA 










dc 









(4.26) 



Factoring out the derivatives in ([4.26|) , the obtained 7^ coincide with those 
given in |]53|, 0. The operator ( [4.2^ ) might be used for a g-Dirac equation; by 
extension (for instance, via the Bargmann-Wigner procedure) we may obtain 
a covariant operator suitable for higher spin g-relativistic invariant equations. 

In fact, an immediate and physically necessary application is the analysis 
of the deformed relativistic equations. In the preliminary free case, they may 
be looked at (specially in momentum space) as the set of constraints defining 
the Hilbert space which is the support of an (almost) irreducible representa- 
tion of the Poincare group (the wavefunctions include both signs of the energy 
in their manifestly covariant formulation). In the scalar Klein-Gordon case, 
the constraint is just the mass shell condition = m?. In the g-deformed case 
the description of the one particle states ||31|] and of the invariant equations 
is more complicated. It is possible to define the g-operators corresponding to 
the covariant kernels of the g=l relativistic equations, like the Klein-Gordon, 



Dirac or even Weinberg- Joos [jlO|, |7g, ^ [T^l or Bargmann-Wigner ones in 
the arbitrary spin case by using their covariance as their defining property 
as it may be done in g=l case (see, e.g., |j78|). We may then look to the 
solutions of the g-relativistic equations as the kernels of the corresponding 
covariant g-operators. The study of g-deformed field theory, however, is not 
without difficulties. For instance, as the previous formalism clearly shows, we 
cannot have hermitean/antihermitean coordinates and derivatives simultane- 
ously; if the coordinates are taken to be hermitean, the linear conjugation 
structure of the derivatives is lost 0, Moreover, the space of solutions 
('g- wavefunctions') is mathematically not well defined, i.e., it is not clear what 
kind of subspace or subalgebra of }Aq they define, nor their relation to the ir- 
reducible representations of the quantum Poincare group. Further, an analysis 
of simple non-relativistic second-quantized models shows that there may 
be a problem with locality in g-deformed theories. All these problems require 
further study. 



5 Non- commutative differential calculus and 
invariant operators: the case of 

In the previous sections, the coordinates K, the g-derivatives Y and the g- 
differentials dK for the g-Minkowski space have been introduced. Using these 



basic elements, higher rank tensors and invariant differential operators can 
be constructed respectively by tensoring or by contraction. The contraction 
(scalar product) of a covariant vector with a contravariant one is given by the q- 
trace of the product of the corresponding matrices. Examples of this procedure 
are the invariant operators /g, Dg and already introduced. Another one is 
the g-analogue of the dilatation operator, 

s = trg{KY) . (5.1) 

Using the flexibility of RE formalism, we shall now derive a complete list 
of the relations involving all these invariant operators and the generators of 
the A4'^\ V^^^ and A^^^ algebras; the other cases could be treated similarly. 
Since in this section and in Sec. 6 we refer mostly to the AA^q^ case, we shall 
drop the superindex henceforth. First of all, since the time variable and 
the corresponding derivative are singularized by being the linear central 
elements of M.q and Pg, let us deduce their commutation relations with the 
generators of Vq and M.q. For those between x^=q~^\2]~^trqK and Y it is 
enough to take the g-trace of the eq. before the last in ( |3.19|) , 

Y2RUK1R21 = RuKiR^iY^ + q^Rur , (5.2) 

with respect to the first space. For do=q[2]''HrqY and K, eq. ( |5.2| ) is multiplied 
by R12 from the left and by R21 from the right before taking the g-trace with 
respect to the second space. In this way we get 

Yci = CiY + q*I - q^XYK , (5.3) 

doK = Kdo + I - q^XKY , (5.4) 
where the invariance of the g-trace and the first two of the relations (see (|A.9| ) , 

(Q)) 

i?2ll = i?i2 - = Pl2(g~'/ - [2]P-12) , (5.5) 

trg(i)(i?i2Pl2)^' = g^'/2 , trg(2)(Pl2i?12)^' = g^'/l , (5.6) 

were used. Inspection of formulae ( |5.3| ) and ( p. 4] ) demonstrates that setting 
ci=0, tTqY oc 9o=0, does not produces a consistent reduction to a three di- 
mensional space algebra since tTqYCl = CltTqY + [2] - g'^As. 

Next, we compute the commutation relations involving the quadratic cen- 
tral elements with generators. The g-Minkowski length Iq satisfies the following 
relations with the generators of Vq and A^: 

Ylq = q'HqY -q^K\ (5.7) 

IqdK = q-^dKlq . (5.8) 

To obtain ( [5.7| ), Y must go through IqP- 12= —qP-uKiRuKi, what may 
be done multiplying eq. (|5.2|) by R31R32K3R2IV13 from the right and by 



P_i3 from the left. Using then ( ^.21) once more in the r.h.s., the Yang- 
Baxter equation ( |1.4| ) to reorder the i?-matrices, the i?-matrix g-determinant 
P_ 13-R12-R32 = qP- 13 and finally the expression (p.6| ) for the covariant vector 
i^^, eq. ( [5.7| ) is obtained. In a similar way, eq. ( |5.8| ) follows from ( p.22| ) mul- 
tiplying it by R32K3R23R13 from the left, using (|1.4|) and (|3.22|) for dK2, 
and finally multiplying by P-31 from the left. 

Iterating ( p.7|) any power of Iq can be differentiated 

Yr^= q-^'^r^ Y - q^[n- q-^]K'r-^ , (5.9) 

where 

= , [l;g] = l • (5.10) 

q - 1 

For the relations involving the D'Alembertian and the generators of M.q 
and Ag, we obtain 

nqK = q-^Knq-Y\ (5.11) 

BqdK = q^dKOg . (5.12) 

Expression ( |5.11| ) (which can be seen as the 'dual' analog of ( |5.7| )) follows from 
eq. (|5.2|) multiplying it by Y3i?32^i?i3 from the left, using (pT^) , and again (|5.2| ) 
in the r.h.s., and finally multiplying the resulting equation by R21V23 from the 
left and by -P-(32) from the right; for the contravariant vector F^, eq. ( |B.7| ) is 
used. Eq. (5.1!^) follows from ( |3.27| ) in a similar way. 

Let us now look at and Z^, eqs. (|3^ ) and (|2.35|) . Applying to the 
product i^" K leads to 

UqK^zK = q-^K'zKUq - q-^K'zY' - YzK (5.13) 
by using the transformed (|5.11|) , 

OqK' = q-^K'Dq - Y . (5.14) 
To relate O^lg to IqOg we need the intermediate expression 

Fi Ki = q-hrqi^2){R2iK2R2iY2R2i) + [2]/i , (5.15) 
which follows from ( |5.2|) by using the second equality in (|5.6|) . Its g-trace is 

trq{Y K) = q-\s+[2f . (5.16) 

Then, using ( p.l6| ) aii(^trq{K'^Y'^)=trq{KY) = s, the g-trace of ( [5.13[ ) gives 
final expression 

nqlq = q-%nq + q-h + {q^ + l) . (5.17) 

^The equality trq{AB) = trq{A'^B'^) obviously holds for any pair A, B, if one is covariant 
and the other contravariant. 



Using the relation between slq and IqS to be proved below [( |5.36|) ] and iterating 
( pT^ ) we find 

°g = r'"^^ °. + ajr' s+{q'' + l)hj^-^ , (5.18) 
where the coefficients a„ and 6„ are determined by the recurrence equations 

a„+i = g~^(g~^" + a„) , bn+i = q'^"" + + 6„ , n > 1 , (5.19) 
(oi = q~^, bi = 1) which give (see ( p.lOP ) 

bn = iq-^ + l)-'[n+l;q-^][n;q-'] . (5.20) 



q-'-[n-q~'] 



Let us now consider the exterior derivative d=trq{dK Y). Its action on 
coordinates, g-derivatives and g-differentials is given by 

d-K= (dK) + K d, (5.21) 

Y d = q^dY + qXdK'Dq , (5.22) 

d{dK) = -{dK)d . (5.23) 

The first one is the expression of the Leibniz rule and ( p.23| ) refiects the nilpo- 
tency of c?, c?^ = 0. These relations are easily obtained using the invariance 
of the g-trace, the appropriate RE and the properties of the i?-matrix. For 
example, for ( p.21| ) we write 

d-K2 = trq^i)idK,Y,)K2 = trq^i)iR^,'dK,Y,R2i)K2 (5.24) 

and, using (|5.2| ) and (|3.22|) in the form dKiR2iK2R2i = R2iK2Ri2dKi, we 
obtain 



d-K2 = tr,(i) {K2RudK,YiR^i) + Q^trq^i) {R2iVudK2) 
= K2trqn){Ri2dKiYiR^i) + qHrqn.{R2^^Vi2)dK2, 



(5.25) 



from which and from ( |5.6| ) eq. ( |5.21[ ) immediately follows. 

The relation ( ^.22| ) is obtained in a similar way. The RE ( p.3|) , ( p.27|) , and 
the relations (cf. (|0|)) 



(5.26) 
(5.27) 



i?2ii?i2 = g'/-A[2]P_i2 

dKl=[2]trqi2)iRi2dKiP_,2) 
(cf. (|B.6|) ) are enough to get ( |5.22|) , starting from 

Y2d = trq^i){Y2R2i'dKiYiR2i) 



(5.2^ 



Eq. ( ^.23| ) is obtained from d dK2 = trg(^i-){Ri2dKiYiRi2dK2), using only 
( P^ ) and (^. 



Relations (|5.22|) and (|5.23|) can be used to show explicitly that (P = 0, 
since 

= dd = dtrg{dKY) =trg{ddKY) . (5.29) 
Using now ( |5.22|) and (|5.23| ) to move d through dK Y 

d^ = -q-hrg{dK Y)d + q-^Xtrg{dK dK') 



Q 5 



(5.30) 



and trq{dK dK') = [ (|03| )], one finds that d'^ = -q~^d^, or that d'^ = {q 
is real). 

The previous set of relations allow us to compute in a direct way the 
commuting properties of d with any invariant operator. The action of d on 
the quadratic central elements and Ig gives 

dng = q-^Ogd , (5.31) 

dlg = lgd-q^W, W = trg{dKK') . (5.32) 

Eq. ( |5.31| ) is obtained from the expression ( p.9| ) for Dg and by using twice 
( ^.22| ) (a simpler possibility is to apply d = trq{dK zY) to ( 5.12| )). In the same 
way, to find ( |5.32| ) we may use ( |5.21D twice and that 



trg{K dK') = qHvgidK K') = q^W 



(5.33) 



(a property which follows from (|3.22|) ) or, equivalently, eqs. (|5.7|) and (|5.8| ) to 
move Ig through d. 

The relation of d with the g-analogue [ (|5.1| )] of the invariant dilatation 
operator is easily obtained using (|5.21|) and (|5.22|): 



d s 



dtrg{KY) 
trg{dK Y) 



--trg{dK Y)+trg{KdY) 
q-Hrg{KY)d- q~^Xtrg{Kz dK')Uq 



so that, recalling (|5.33| ) we get 

ds = q~''^s d - qXW □„ + ci 



(5.34) 



(5.35) 



The operator s = trg{KY) is related (see below) to a central element for the 
complete algebra x "D^ x Ag, and it is useful in the irreducible representation 
description (cf. the g-oscillator case [^0|, 0). Therefore, it is important to 



have the complete set of relations of s with the generators of Aig, Vg and Ag, 
and with the central elements Ig and Dg. The latter ones may be obtained in 



a simple way. Using eq. (|5.7| ) for Ig and ( [5.11| ) for D^, the resulting relations 
are given by 



sL 



OgZS 



1 ' 



q-%s+{q' + l)l. 
q-^sUg + {l + q')U 



g ■ 



(5.36) 
(5.37) 



The operator s commutes with the elements of Ag, for 



szdK = dKzs 



(5.38) 



Indeed, the invariance of the g-trace permits us to write 
szdK2 = tr^^i){Ri2KiY^Ru)dK2 , 



(5.39) 



and eqs. (|3.27| ) and (|3.22| ) transform the r.h.s. of (|5.39| ) into trq(i~^{dK2 

again by the invariance of the g-trace. 
The relations among s and the coordinates K and the g-derivatives Y are 
more comphcated. Multiplying eq. ( p. 21 ) by R21K2 from the left and by R21 
from the right, taking the g-trace in the second space and using ( |1.6| ) and the 
identities (|5.5|), ( |5.ti| ) one gets 

sK = Ks- q^XKYK + q'^K . (5.40) 

For the covariant combination KYK, it follows using eqs. (|5.15|) , (|1.6|) , (|5.2|) , 
( [B.7D and the defining relation ( ^.24] ) for Ig are used, that 

KYK = q~^sK + qK + q-%Y' . (5.41) 

Thus, it follows from (5.4(J) and ( [5.41 ) that 

sK = q-'^Ks - q-^XlqY' + K . (5.42) 

The relation between s and Y is found in the same way. Multiplying eq. 
( p. 21 ) by R21Y1R21 from the right, using ( |3.3| ) and taking the g-trace in the 
first space with the help of ( |5.5| ), ( ^.6|) , one gets 

sY = Y s + Xq^Y KY -q^Y . (5.43) 

To compute YKY we use ( p.l5| ), [(|3.6[)], (|5.5|), ( pl6| ) and the expression 
O for /s:^ with the result 

Y KY = q-^sY + q~^K'ng + [2]Y ; (5.44) 

then, from ( |5.43|) and ( ^.44|) we obtain 

Y s = q-'^sY -qXK'Dg + Y . 



(5.45) 



Finally, we mention that it is possible to find a central element in Mg x 
Vg X Ag using the operators s, Ig, and a grading operator N defined by the 
relations 

[A^, K] = K , [N, dK] = , [A^, Y] = -Y , (5.46) 

which may be introduced since J^g and Vg are graded algebras. Indeed, the 
element z (cf [|]) 

5 = (g-2 - l)s + (g-2 - l)%n^ + 1 , 



2N~ 

q s 



(5.47) 



is central in Aig xT?g x Ag. Using the set of relations among s, Ig and Dg and 
the generators K, Y and dK, i.e., (^), (^), ( CT) , (1^ ), ( |05D , d^ ) and 
( p.45| ), it is found that 5 is a scaling operator 



SK = q-'^KS 



sY = q^Ys 



(5.4J 



and sdK=dKs. Since, in contrast, eq. (|5.46|) gives q^^ K=q^Kq^^ and 
q,2Afy_q,-2yq,2Af -j-j-^g centrality of z follows. 



As an example of how this discussion may be extended to other g-spacetimes, 
let us consider the g-dilatation operator s for the M.^^") case. With Z and D 
given in ( ^.561 ) and ( |3.32| ), it is given by s=tr{ZD) (cf. and satisfies 



sZ = Z{s + l) , sD = D{s-l) ; (5.49) 

which exhibit once again (cf. ( p. 421 ), ( |5.45| )) the 'triviality' (or twisted charac- 
ter) of /A^g \ These relations are easily obtained using (|2.57| ) and ( p.33| ). For 
instance, 

sZ = tr(i)(ZiDi)Z2 = t^i){Z,{VZ2DiV-'+r)) 

= t^i){Z2VZiDiV-' + ZiV) = Z2tr(^i){VZiDiV'^) + Z2 = Z{s + 1) 

(5.50) 

since tr(i)P = I2. 



6 Comments on representations of quantum 
space-time algebras and other problems 

In classical and quantum relativistic theory the Poincare group transforma- 
tions may be realized in terms of a complete set of observables. The generators 
of the infinitesimal Lorentz transformations are functions of x'^ and p^, 

M^^ = Xf,p^ - x^p^ , (6.1) 

so that M^iy and define a basis of the ten dimensional Lie algebra V of 
the Poincare group P. In the g-deformed case we have encountered the ana- 
logue of the momenta p^, provided by the four quantum derivatives Yij giving 
the g-translation algebra T>q, and the quantum Lorentz group transformations, 
described by the six independent entries of M, M = {M~^y and the cor- 
responding coaction ( p.9| ), ( |3.1| ). Due to the quantum group structure, the 
relation between the quantum group and the corresponding quantum algebra 
is expressed by the duality among these Hopf algebras: the elements of one 
are linear functionals for the other. The duality relation is an abstract one, 
but its explicit realization requires selecting a basis of the Hopf algebras in 
question, which (in our case) are constructed from a finite number of gener- 
ators. Once we change the generators (often nonlinearly) of a Hopf algebra 
A there is no easy and canonical way to find the corresponding change in the 
dual Hopf algebra A* generators. If the quantum Poincare group Pg and the 
corresponding quantum algebra (Pq)* = Uq(V) must have ten generators each, 
then from the previous sections we can extract six generators of Lq C Pg and 
four generators of Vq C Uq(V) (the subindex in Ug denotes quantization of the 
universal enveloping algebra). A set of generators of the quantum Poincare 



algebra was found in ^ and it was transformed into another set in [33 . 
However, the duahty relation with the Pq and Uq{V) basis remains to be clari- 
fied. For instance, the Lg covariance of the braided coadditions of four-vectors 



requires the addition of a dilatation element pi, E3] (see also p^). This leads 



to a g-Poincare group which is not included in because this classification 
does not include quantum Poincare groups with dilatations (the Pq in ^ is 
also not included in the scheme of [^). 

Once the complete set of the g- Poincare algebra generators is obtained, one 
may adopt the Newton- Wigner's point of view and identify the g-deformed el- 
ementary systems (particles) with the unitary irreducible representations of 



Uq{V). These were constructed in for the scalar particle. Nevertheless, 



there are still some difficulties that require further study. To illustrate them, 
it is sufficient to consider the representations of the g-translation algebra Vq 
as a subalgebra of Uq(V). Since Vq is isomorphic to A4q, eq. (|3.1CI|) , we may 



consider the irreducible unitary representations of this algebra [Q. In the 
non-deformed case (g=l) this problem is trivial: since the algebra of trans- 
lations or coordinates is commutative, its irreducible representations are one- 
dimensional. For g 7^ 1, however, this is no longer the case. 

Due to the fact that one central element of A^^ is linear in its generators 
one can change the basis ( p.lO| ) to 7 and r, qr = ci = q~^a + qS. Then, 



there are three non-trivial commutation relations (A = A/g = (1 — g~^); A > 
for g > 1) 

Q^7 = g^7a , a/9 = g~^/9a , 
/?7 = gV + A(/,-«'), (6.2) 
which follow from ( |2.13| ) plus the centrality of r and of (cf. ( |2.27| )) 



Iq = ar — c? jc^ — g^7/3 = (^[ar — c? — P'j) . (6.3) 

To analyze the irreducible representations in a Hilbert space with positive 
metric the following consequences of (|6.2[) are useful: 



= {q'lTP + A[n; g']7"~'(/, - g'^^-'^a') , (6.4) 



7/3" = {q-'PTl - X/q>; q-'W\l, - g-'^-'^^a') ■ (6.5) 

These relations may be proved by induction or by assuming, looking at ( |6.2| ) 
that, e.g., 

= iq'iTP + h^'-'iajq - hW) , (6.6) 

which gives the recurrence relations a„+i = g^" + and = g^" + g^&n, 
which have the solutions a„ = [n; g^] and 6„ = g^*^"~-'^^[n; g^]. 

Since M.q ~ M-q-^ [( ^.101 )] we may assume g > 1. The irreducible rep- 
resentations (irreps) are parametrized by the different values of the central 
elements Iq (denoted by I) and r. The representations fall into two broad cat- 
egories, / < or / > 0, but there are subclasses in each of them, which are 
listed below. 



1. a = 0, then the other three generators /3,7,5 commute among themselves 
as it follows from ( |2.13| ). Hence, 6 is real and arbitrary while /3 = 7* is an 
arbitrary complex number, t = 6,1 = — 5'^|7p. This irrep is not faithful. It 
gives a one-dimensional irrep of ( |2.13| ). 

2. l — a"^ = 0, (5 = a,/5 = 7 = 0,r = a(H-g^^). This is also a one- dimensional 
representation, which is not faithful and corresponds to the stationary point 
al of the coaction K 1— > UKW of the quantum 'subgroup' SUq{2) of Lq. 

3. Z > > 0, where is the vacuum eigenvalue of a and /3|0) = 0. Then 
from ( |6.4| ) for unnormalized eigenvectors |?7,) = 7"|0) of a one gets 

{n\n) = (0|(7*)"7lO) = (01^710) = (A)'^[n; g2]!n^^,(/ - g^C^-^a^) , (5.7) 

where [n; g]! = [n; g] [n — 1; g]...l. Clearly, (1|1) = A(/ — a^) > 0, but for ao 7^ 
and g > 1 the norm will be negative if the integer n is sufficiently large. 
Because we are looking for irreps in a Hilbert space with states of positive 
norm there must be some n, N = d — 1, such that |||A^+1)|| ~ (Z — g^^ag) = 0, 
or 

7|iV)=7|d-l) = 0, (6.8) 
where d is the dimension of the irrep and hence 

l = q''al/q' , r = (g^^ + l)ao/g^ (6.9) 

where the last expression follows from computing lq\N) = q^{q^^ raQ—q'^^ a'^)\N) 
= l\N) using (pD. 

4. Oq > / > 0, hence (/ — Oq) < 0. From (|6.4|) one now concludes that (3 
cannot be an annihilation operator. So we have to use ( |6.5| ) supposing that 7 
is now the annihilation operator, 7IO) = 0. Then for \n) = /?"|0) one gets 

{n\n) = iX/q'r[n; q-']mi^,iq-'^'~'^ al - I) . (6.10) 

Using the same positivity arguments of the previous case we now obtain, with 
d = N + 1 as before, 

/ = g-2{'^-i)a2 ^ r = iq-'"' + l)ao . (6.11) 



5. / < , a 7^ 0, hence (/ - 
the annihilation operator 7IO) 



a^) < and one has to use (|6.5| ) with 7 as 
= 0. In this way one obtains for |n) = /?"|0) 
again (|6.10|) , which is now positive for any integer n. This irrep is infinite 
dimensional. 



There are some relations of the g-Minkowski algebra Aiq with other g-algebras: 
sUq{2), the g-oscillator algebra ^(g) and the g-sphere Sq. For instance, once 



T and / are fixed the relations (|6.2| ), ( |6.3|) coincide with the defining relations 
of the quantum sphere algebra [Q, p5[1 . 

The algebra Aiq is isomorphic to the g-derivative or g-momentum algebra 
Vq, hence the irreducible representations coincide with those found in ^1|] for 
the g-deformed Poincare algebra, which has the algebra T>q as a subalgebra. 
Once we identify Aiq ~ Vq, we can set m?q=lq and r=[2]po; the energy is a 
central element. However, although unitarity permits any real value for 
and the physical meaning of the central elements of Vq requires that the 
eigenvalues of the energy po and the square of mass satisfy the obvious 
physical restrictions pg ^ ''^g ^ 0- If m?=l >0, one may eliminate ao from 



]9[) or ( |6.11| ). In both cases we obtain 

pI = ^^T^ • (6-12) 



In the classical g — 1 limit, the values of all generators are fixed while the 
dimension (i — oo in such a way that the factor (g'^ + q~'^y is also fixed and 
the usual formula pi = + is reproduced. 

The next step in the representation theory is related to the construction 
of a representation in the tensor product of two irreducible representations. 
It depends on existence of a bialgebra (or a Hopf algebra) structure for the 
algebra A^g or a homomorphism from j\4q to A4q ^ Aiq. The existence of 
such a map could be interpreted physically as the g-Lorentz group covariance 
for two- (in general multi-) particle system. There are a few proposals for a 
possible 'coproduct' A : A4q — > Aiq ® M.q. These proposals use: 

1. the relation of M.q to the quantum algebra sUq{2), extending it to isomor- 
phism (modulo some additional requirements) and introducing the bialgebra 
structure through the factorization |^ (here and below the indices (1), (2) 
refer to the factors in M.q® M.q) 

K = lW(L(-))-i = L[+)ir(2)(L[7))-i . (6.13) 



2. the appropriate non-commutativity ('braid statistics') of the factors in a 
'braided tensor product' A^g ® A^q ||2^, ^ 0. It is not difficult to check that 
the matrix product of two matrices 



A{K) = K®K = ^ A{K),j = Kii ® Ki 



satisfying the commutation relations given by ||56|, ^ 



(6.14) 



(6.15) 



satisfy the RE (|1.6|) and that its entries generate an algebra isomorphic to Aiq. 
Eq. (|6.15|) , however, is not preserved under the coaction ( p.9|) , ( p.7|) . 



3. the coaddition of the two 2x2 matrices expressed by 



/\{K) = K^^^ + K'^'^'^ = K ® I + I ® K . (6.16) 

If the non-commutativity between the generators of K'^^'^ and K'^'^'> is given 
e.g., by (0, a) 

RK^^^RK^"^ = K^'^RK^^^RT^ , (6.17) 

the corresponding set of commutation relations permits that A(i^) satisfies 
( 11.61) . Eq. (|6.17|) is easily obtained by imposing that the matrix i^f ^ + K^^ 
satisfies ( p.ll| ) and using that R is of Hecke type. 

4. an additional matrix O including the g-Lorentz algebra generators acting 
on the first factor of M.q ® M.q such that the matrix 

A(ir) = + ® ^(2) (6.18) 

will satisfy the RE (|1.6| ), while the entries of K'^^'> and K^"^^ commute (a 
kind of 'undressing' of the preceding case). 

Though last two cases look physically reasonable, they, together with 2, are 
not symmetric with respect to the permutation of factors (notice that ( |6.17|) 
is not symmetric) and not all irreps of ir(^) and 

are compatible. 



The form of the coproduct depends on the chosen basis. The coproduct of 
the g-Lorentz algebra part of Uq{V) looks simple in the slq{2) basis L^, L^ 
related to the matrices M, M. However, the basis of is related to the SUq{2) 
'subgroup' of Lq. The coproduct for the g-derivatives subalgebra Vq in this 
basis looks like |^ 

^{Y.,^) = Y,j®I + Y.kM®yki , (6.19) 

kl 

where the Uj^ki are made up of the g-Lorentz algebra generators and the scaling 
operator (which is outside the g-Lorentz algebra). One of the obvious property 
of this set of elements of the dual algebra {Lq)* oiLq follows from the covariance 
requirement, which must be preserved by the coproduct: 

Y ^ MYM-^ =^ A{Y) ^ MA{Y)M'^ . (6.20) 

This form of the coproduct demonstrates that the representation theory of the 
g-momentum subalgebra Vq C Uq{V) is not closed: one cannot consider the 
tensor product of arbitrary irreducible representations Vi, V2 of Vq, related to 
y ® J and I ^Y. It is necessary to take the Vi, reducible generally speaking, 
that permits an irreducible representation of the whole set, Yij and kj.ki- This 
raises the question of the physical interpretation and its consequences: the 
observables of two particles enter into the coproduct in an asymmetric way. 

If we introduce two sets of the triangular L^, matrices corresponding to 
M and M, then their entries (six of them) will define a basis of generators of 



the quantum Lorentz algebra [Lg)* dual to Lg. The commutation relations of 
the entries of L"^ are the standard ones {slg{2), see Appendix A) and the same 
is true for L^. They could commute in between [L^,L^J, for the coproducts 
of M and M are the usual ones, A(M) = M ® M. However, in order to have 
the usual coproduct for L^, due to the non-commutativity of M and M 
{\i.7\) one can introduce a 'mild' non-commutativity between the entries of 



and too. Then, the corresponding duality relations are: 

< Lf, M2 >= Rf^ , < Lf, M2 >= Rt2 , (Q 

< Lf, M2 >= A12 , < Lf , M2 >= ii2 . 

Then, the action of such operators on the algebra M.q (the entries of and 
are now operators on M.q) could also be written in matrix form. Adding 
a hat to stress the operator character of we find 

(Lf K2) = < Lf , ■ > (P{K2) =< Lf, M2K2M^^ > 

= < A(Lf ), M2K2M2^ >=< Lf, M2> K2< Lf, M^^ > 

= -Rf2-f^2^12^ , 

(6.22) 

where we have used the duality between product and coproduct in the third 
equal sign, after which M2-ft'2^2~"'^ really means {M2)ij (S> {M2^)kiKjk. Thus, 
we obtain 

LfK2 = Rf2K2A{fLf . (6.23) 

It would be interesting to study which of the above constructed representa- 
tions may be extended to representations of a larger algebra M.qXVq including 
Vq as well as A^g. This algebra is defined by 8 generators (the entries of K, Y) 
and the relations (|1.6|), ( |3.3| ) and ( |5.2| ). Introducing explicitly the matrix el- 
ements di [( [4.18|) ] of Y , one may check that 83 and dc together with ^Aq 
generate a closed subalgebra. Most of the constructed irreps can be easily ex- 
tended to this subalgebra. However, these extensions usually have a singular 
q dependence for q^l. For instance, for the one-dimensional representation 
a = (in which the representation is, in fact, of the whole M.q x Vq algebra) 
one finds 

dc = ^ ,dA = q'h{q'-l), dB = qVP{q'-l), do = -qS/{q'-l). (6.24) 

It is well established that covariant algebras such as SUq{2) or the g-sphere 
S'g can be represented as a direct sum of subspaces invariant with respect 
to the corresponding quantum groups coactions: U' UU' for SUq{2) or 
K UKU^ for the g-sphere (cf. p^ , p5[). This expansion is related to the 
fusion procedure of the quantum inverse scattering method. These invariant 
subspaces in the case of the SLq{2) covariant RE algebra are generated by the 
entries of the (2j + 1) x (2j + 1) matrices K^^\ which correspond to the higher 
spin representations of the quantum group from the coaction, e.g. 

K^^^ = P+K^R2iK2Vi2 = KrR^2KiP+. (6.25) 



This is associated with the construction of g-deformed relativistic wave equa- 
tions There are even some universal K matrices |Q related to a specific 
representation of J^^q^ ■ 



7 Concluding remarks 

The main aim of this paper was to analyze the g-deformed Minkowski space- 
time and the associated non-commutative differential calculus by using the R- 
matrix and the reflection equation formalism. This permitted us to establish in 
a systematic and economic way many features of the quantum Minkowski space 
algebras including the complete definition of A^g, the corresponding De Rham 
complex Aq and the algebra of g-derivatives P^; the covariance properties of 
these algebras under the quantum Lorentz group transformation (coaction), 
and the action of the quantum Lorentz algebra (by duality). A special ba- 
sis of generators of Ai^q^ was defined by using the g-adjoint (co) action of the 
quantum (group) algebra; this allowed us to introduce g-sigma and g-gamma 
matrices as appropriate g-tensors. The possible ambiguities in the definition of 
g-Minkowski space and consequently in its differential calculus as well as some 
important g-algebra isomorphism were discussed and the irreducible represen- 
tations of A^^^-* algebra were found. Also, in the course of the discussion of this 
case, a few invariant (scalar) operators were defined by means of the g-trace, 
and their commutation relations among themselves and with the generators of 
J^^q^ and V^q^ were estabhshed. 

All the previous analyses of the g-deformed space-time were directly formu- 
lated in the g 7^ 1 framework, without considering a classical counterpart. The 
exact g-relations may be used, however, for some constructions in the classi- 
cal theory. For instance, it is known that the quasiclassical limit of the main 
ingredients of the quantum inverse scattering method gives rise to the clas- 
sical r-matrix and the classical Yang-Baxter equation. If in the present case 
we introduced Planck's constant just by multiplying the defining relations of 
the g-algebras by /i, and then we took the independent limits g — 1, ^ — 0, 
the resulting relations would be nothing but the standard Poisson brackets 
for the commuting coordinates and momenta of the scalar relativistic particle, 
{Xfi.Pu} = Qfiu- If, on the other hand, the Planck's constant and the defor- 
mation parameter are directly related (e.g. by setting g = exp{'-fh), which 
requires introducing an additional dimensional constant in the theory), the 
Poisson brackets in the quasiclassical limit are highly nontrivial pO]. For 



instance, writing i? ~ / + 'yhr in the quasiclassical limit, the RE ( |1.6|) gives, 
neglecting the terms in 

-hxi, K2] = l{Kir2iK2 - K2ruKi) + 7(ri2i^ii^2 - K2Kir2i) 
n 

so that the Poisson brackets for the classical entries of K (coordinates) read 



{Ki,K2} = j{[K,fuKi,Vu] + [r2i,Vi2K,K2]) 



(7.1) 



In this case the Poincare group would not be purely geometrical: it would 
be dynamical (a Lie-Poisson group |8^, |1], ^ because its parameters 
would have nontrivial Poisson brackets. An application of the Dirac theory 
for constrained systems results in non-autonomous equations, though with 
conserved momentum. This gives rise to additional questions of interpretation 
if one wished to preserve the usual mathematical structure of a physical theory 
p7| in this respect). An opposite possibility would be to preserve the 



see 



trajectories of the system generated by the geometric group action, but change 
the Hamiltonian description. 

To conclude, we wish to come back to other topics that were not discussed 
in the paper in detail. The covariance of a two (multi-) particle system requires 
a map from Aiq to Aiq ^ Aiq which is an algebra homomorphism ('coprod- 
uct'). Two variants among those given in the text have reasonable physical 
behaviour, reproducing in the classical limit the sum of the particle coordi- 
nates, although these coordinates do not commute in between in the case q ^ I- 
Both recipes have the drawback of being asymmetric under interchange of two 
particles. These properties result in a more complicated representation theory 
of these quantum algebras. Another subject just mentioned in the text is the 



construction of (free) g-relativistic wave equations |7^, ^ . For instance, 
to discuss a physical meaning for the formal solutions of the g-Klein-Gordon 
and/or g-Dirac equations in Ad^^^ we have to construct irreducible representa- 
tions of the whole algebra Ai^^^ ®T>^q^ (coordinates and momenta). Then, the 
g-Dirac equation could be defined as an operator in the corresponding Hilbert 
space with an orthodox interpretation of its spectrum and eigenvectors (wave- 
functions). Another point which requires clarification is the relation between 
the relativistic wave equations in configuration and momentum space which in 
the classical theory are connected by the Fourier transform (for AA^q^ see |]37|| ). 



A possibility to discuss the g-Fourier transform is by using the *-quantization 



which operates in algebra of functions on a phase space (cf. ||9T[] and refs. 



therein); other possibilities are |S3|. Nevertheless, the difficulties already 
mentioned prevent us, at present, to speculate on a possible quantum field 
theory having a g-Minkowski algebra as a base space-time. 
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Appendices 



A Some facts and formulae on quantum groups 



Al Notation and useful expressions 



We list here some expressions and conventions that are useful in the main 
text. ^RTT^ relations as those in ( |1.3| ), ( |2.7| ) follow the usual conventions i.e., 
the 4x4 matrices Ti, T2 are the tensor products 



Ti = T®I , T2 = I®T . (A.l) 

The tensor product of two matrices, C = A® B ^ reads in components 

Cij^ki = AikBji , (A. 2) 

so that the comma separates the row and column indices of the two matrices. 
Thus, {Ai)ij^ki = AikSji ; {A2)ij,ki = AjiSik ■ The transposition in the first and 
second spaces is given by 



^ij,kl 



Ci 



kj,il 



^ij,kl 



il,kj 



(A.3) 



i.e., C*i = A* 5 (resp. C*^ = A ® B^) is given by a matrix in which the 
blocks 12 and 21 are interchanged (each of the four blocks is replaced by its 
transpose). Of course, C**]*;?; = C'*^^/ = is the ordinary transposition. 

Similarly, the traces in the first and second spaces are given by 



{tr(T^)C)ji — Cij^ii , {tr^2)C)ik — Cij,kj 



(A.4) 



They correspond, respectively, to replacing the 4x4 matrix C by the 2x2 
matrix resulting from adding its two diagonal boxes or by the 2x2 matrix 
obtained by taking the trace of each of its four boxes. If C = A® B, tr(i)C = 
{trA)B and tr(2)C = A{trB). 

The action of the permutation matrix V12 = V is defined by {VCV)ij^ki = 
Cji^ik {V^A B)V = B A a the entries of A and B commute); thus 

{VAiV)ij^ki = {Ai)ji,ik = AjiSik = {A2)ij,ki ; (A. 5) 
{VC)ij^ki = Cji^ki , {CV)ij,ki = Cij^ik- Explicitly, V=V'^ is given by 

1 

n 1 

Vij^ki = ^iiSjk ; (A. 6) 



V 



1 

1 



acting from the left (right) it interchanges the second and third rows (columns). 
For SLq{2), the Rui^) = R12 = R and VRu = R12 = R matrices are given 

by 



Q 



R 



1 
A 1 



R 



X 1 
1 



VRV = R 



(A.7) 



(A.8) 



where A = q — q^^; R21 = VRuV. Due to the special form of R, VR12V = 
R21 = R\2, but the last equality does not hold for a general 4x4 matrix. R 
satisfies Hecke's condition 



R'^-XR-I = , {R-q){R + q~^] 



and 

R = qP+- q-^P^ , R-^ = q-^P+ - qP^ , 
where the projectors P±i2 = P± are given by 



(A.9) 



P^RP^ = , 
(A.IO) 



[2] 

q 1 

1 q-^ 





q-^ -1 

-1 g 









[2] 



I + qR 

/ - q-^R 
l + g2 



(A.li: 



with [2] = (g + g ^). It is often convenient to express P_ in the form 



{.P-)ij,kl 

where e'?=-(e'?)-V(e'?)* 



[2] 



(W 



q — q 
q-q- 



(A.12) 



is given in (|2.16|) . The determinant of an ordinary 
2x2 matrix may be defined as the proportionality coefficient in {detM)P- = 
P-M1M2 where P_ is obtained from ( |A.11| ) setting g=l. The analogous defi- 
nition in the g 7^ 1 case 



{detgM-^)P^ = M^^M^^P. , (A.13) 



{det^M)P^ := P_MiM2 



{detqM = (detqM) ) leads to the expression for detqM given in ( p. .21) . For 
the K matrix, the definition of detqK is given by (|2.24|), (|2.25|). 



The YBE (L4) is sometimes introduced by reordering T1T2T3 to T3T2T1 
by two different paths using the 'RTT' relation and the associativity property 
of the algebra. In this way one is lead to {R12R13R23 — R23Ri3Ri2)TiT2T3 = 
T3T2Ti{Ri2Ri3R23 — -R23-Ri3-Ri2)- Thus, eq. (|T]^) is consistent with eq. (|1.3|), 
but it is not imphed by it. To see this explicitly, consider eq. ( p..3|) rewritten in 
the form RT1T2 = T1T2R using dOI) . Then, due to ([XloD we get (g^ + 1 ^ 0) 



P+TiT2P_ = , P_TiT2P+ = 



(A.14) 



The first equation implies ab — qba=0, cd — qdc=0 and [a, d]=qbc — q -^cb, while 
the second gives ac — qca=0, bd — qdb=0 and [a, d]=qcb — q~^bc. In all, these 



equations reproduce ( p. .11) . These equations also follow from P^TiT2=TiT2P+, 
i.e. from an 'RTT' relation with P+ as an i?-matrix, although VP^ is not 
invertible and does not satisfy the YBE (|1.4|) (see also |T^). 

A2 Hopf algebra duality 

We recall here some expressions on the quantum groups and quantum 
algebras duality. Let H and H* be a pair of dual Hopf algebras. Then, there 
is a pairing map < ■, ■ >: H* x H C, consistent with the commutation 
relations in each algebra, which satisfies: 



1) < XY,a>=< X ^Y,A{a) > , <l,a>=e{a), 

2) < X,ab>=< A{X),a0b> , < X,1>=€{X) , (A.15) 

3) < S{X),a>=< X,S{a) > , 

where X,Y & H*, a,b & H and A,e,S are the usual notations for the co- 



product, counit and antipode in Hopf algebras (see, e.g., [|T4|, |T^, |T^). In 
particular, if H and H* are respectively a quantum group a la FRT [|] and its 
quantum dual algebra, the generators of H are the entries of a matrix T satis- 
fying a 'RTT' relation and the generators of H* are arranged in two triangular 
matrices satisfying 

R+LfL^ = LfL^R-^ , = ^L+R^ (A.16) 

where i?"^ = VRV = R21. In this case, the pairing is defined in terms of the 
corresponding quantum group i?-matrix by the expressions 

< T>=R^ , < 1 >= / =< 1, T > , (A.17) 
where R~ = R~^ . This definition is extended to higher order monomials by 

<1, TiT2...Tfc =<LfL±... L±, 1> , 

< L2 ...Lj^ , Tk+i>= Rij,j^iR2k+i--Rkk+i ' (A.18) 

< Li , T2T3 ...Tk+i >= R12R13 ... Rik+i ■ 

This is consistent with the commutation relations defining the quantum group 
and its dual algebra and satisfies the properties ( |A.15| ). 

The pairing may be used to define the fundamental representation of the 
generators of the quantum algebra; for each (entries of L"^) the following 
map is defined 

<lf^,.>:H^C , <lt^,tM>=Rtk,i , (A19) 

then, < itj^T > is a matrix which constitutes the fundamental representation 
of the generators ifj] in general, < A, T > is the representation of X. This 
representation for the generators J±, J3 of suq{2) was used in Sec. 4 to check 
that the given g-sigmas constitute a g-tensor operator according to 



B Proof of some properties of g-Minkowski al- 
gebras 



Bl The algebras defined by eq. i^^, (Q) 

We now analyze the algebra ( |2.49| ), and why it may be discarded. First, it 
is easy to explain the presence of the factor g^, which is due to the imbalance 
of the R and factors; notice that eqs. ( p.40| ) allow for a proportionality 
constant in the definition of R^'^\ Consider (|2.49| ) written in the form 

RKiRKi = pKiRKiR-^ , (B.l) 

where p is a constant to be determined. We may now multiply this equation 
by P±( )P± and by P±( )P^. Using eq. ( [7001) we obtain that P+( )P+ 
gives 

qP+KiRKiP+ = pP+KiRKiq-^P+ (B.2) 
which fixes p = q^. Then, P_( )P_ gives 

-q-^P^KiRKiP_ = q^P_KiRKiP_{-q) , (B.3) 

which implies 

(g^ - q-^)P_detgK = (B.4) 

so that for this algebra (g^ 7^ 1) detqK = 0. The commutation properties of 
the entries of K, however, are the same as for (|1.6|) . Using g^P~^=P— gA[2]P_, 
eq. (|2.49|) reproduces ( |2.11|) , 



RKiRKi = KiRKiR - q\[2]KiRKiP^ = K^RKiR , (B.5) 

since detqK = 0. This means that the algebra generated by the entries of K 
in ( |2.49| ) may be obtained by restricting A^^^-* (eq. (p..6[)) by the condition 
detqK = so that nothing is gained by considering ( p.49|) as a separate case. 
Notice that the same reasonings applied to ( |1.6|) do not give any condition 
for P±( )P±, which is satisfied identically, and P±( )P:^ give, as for (|2.11| ), 
P±KiRKiP^ = 0. 

The factor g^ in ( p.4|) is explained in a similar way; again, this algebra 
corresponds to the too restrictive condition detqY = 0. 

We now derive here the expressions for i^T" and V used in Sec. 5, 

Kl = [2]trq^2){Ri2KiP^i2) , (B.6) 

n^ = [2]tr,(2)(P-i2VlPr2') • (B.7) 

Obviously, the covariant vector dK"^ has an expression ( [5. 27] ) analogue ( [B.6| ). 
For instance, the r.h.s. of ( |B.6| ) reads in explicit component notation 

cm,kj 



[2](^r,(2)(Pl2i^lP-12))^fc = [2]DjbRik,amKacP- 



Using the expression ( A. 12 ) and D = e'^ze'^^, the above expressions become 
equal to 

~ ^bk^ib,am^cm^ac = {.^'^)\b-^ih,am{.^'^ymc -^ac = R'^ ik,acKac = Klf, (B.8) 



by ( p:28[ ) and (|23ll ). Eq. (|B:7|) is checked similarly by using R\^=R\^. 



B2 Algebra isomorphisms for M.^}\ V^}^ 



Let us first check that 



K' 



a' (3' 
i 5' 



(B.9) 



i.e., that the commutation properties of the entries of K' (which generate 
the same algebra as those of K but with q replaced by q~^) are those of the 
elements of K"^. The refiection equation for K' = K{q~^) is given by (cf. eq. 

(PD) 

R,2{q-')K[Ru{q-')K[ = K[Ru{q-')K[Ru{q'') , (B.IO) 
and since Ri2{q^^) = R2i{q)^ this is equivalent to 



R2iK[R^lK[ = K[R^lK[R2i 



(B.ll) 



Now we notice that, due to the specific form of the R matrices, a similarity 
transformation with (a^ ® a^) is equivalent to the action of the permutation 
operator V, {a^ ® a^)Ri2{(y^ ® a^) = R2i- Also, (cr^ ® (y^)K,{a^ ® a^) = 
{a^Ka^)i,i = 1,2. Thus, eq. ( [BTlD gives 



i?i2(a^is:V)ii?iV(^^'^ )i = i(T^K'a^)iR]^^{a^K'cr^)iRi2 • 



:b.i2) 



Comparing with ( |3.3D , which as we know is the same refiection equation satis- 
fied by K"^ because of its transformation properties ( |2.32| ), we find that there 
is an isomorphism among the algebras generated by K and K' given by 



K 



K' = a^K'a^ = a\R'K)a^ . 



:B.13) 



Since we also know that K"^ ^ Y, we see that the linear mappings which 
relate the entries of K', K and Y define isomorphisms between the algebras 
generated by their entries. Specifically, the elements of 



K' 



a' (3' 
i S' 



-q g7 
qP \a — q6 



a^Ya' 



z w 
V u 



:b.i4) 



have the same commutation relations, 
matrix elements of 

-1. 



An analogous argument shows the 



Y' 



u 
w' 



V 

z' 



a^Y'a^ 



-q u 



Xz 



q 

—qz 



5 



7 
a 



(B.15) 

where Y' = Y{q also have the same commutation properties. Identifying 
K with the g-Minkowski coordinates and Y with the derivatives, eqs. ( |B.14| ) 
and (|RT5D show that M^^\ ^ A^J^^ ^ ^ 



B3 g-trace and g-determinant for 

We give here a general expression for tr^ and detg which apply to all the 
cases considered. The g-trace of a matrix B is defined by (cf. |57| ) 

tr^{B) = tr{DB) , D = gV(2)(P(((i?«)*^)-^)*^) , (B.16) 



where g is the deformation parameter in R^^^ (see (|2.4(]| )). This g-trace is 
invariant under the quantum group coaction B i-^ MBM"^ (as well as under 
the coaction C i— MCM~ since 

^(1)^^(4) t^P^(4)p^ for g real; this condition 
is required for the consistency of ( |2.40| ) with M^^ = M"''). 

Supposing that R^^^=VR^^^ has a spectral decomposition like ( |A.10| ) with 
a rank three projector P+ and a rank one projector P_, and that detqM ( [A.13| ) 
and detqM are central (which is true in all our cases), the g-determinant of 
the 2x2 matrix K is given by the expression 



{detqK)P. = -qP^KiU^^ KiP^ 



(B.17) 



Substituting R12, V 01 V for R!-'^^ in ( |B.17| ) we obtain the square of the g- 
Minkowski length for Al^ [(PI], Mf [(IH)] and Mf^ [below (|p|)] 
respectively (recall that the g in ( p.l7|) is the parameter in R^^^ and that R^^^ 
may depend on other parameters). 

As we saw, it is possible to write the invariant scalar product as the g-trace 
of the matrix product of contravariant and covariant matrices (vectors). The 
relation with the previous expressions in terms of the g-determinant in the 
2x2 case is given by the normalized 'eigenvector' Sij of P_ with eigenvalue 1, 
{PJ)ij^ki = £ij£kh then D oc e~^e'^ where in this expression e is treated as a 
2x2 matrix (for the SLg{2) i?-matrix, e oc e"^, eq. ( |2.16D , and P_ is given by 
( |A.12| )). The contravariant vector K"^ is written in general as in eq. ( p. 311) 
with P^ = (1 o £*)p(3)(i ^ (e^y). 
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